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In,03:Sn (ITO).

Keywords: chalcogenide semiconductors, solar cells, galvanostatic method, magnetron
method.

UDC 620.172.24

A.ZH. KHACHATRIAN, A.I. SOGHOMONYAN, A.YU. ALEKSANYAN

THE HARTMAN EFFECT AND THE PROCESS OF A BOUND STATE
FORMATION

In this work, the evolution of wave packets scattering on a field of a one-
dimensional potential is considered. The scattering potential is taken as a system of two
similar rectangular barriers and the wave packets are constructed on the basis of the
scattering wave functions. The process of a quasi-bound state appearance in the region
between the barriers is investigated. We investigate the time characteristics, such as the
bound state appearance time and its life or the delay time of this process. In particular, the
dependence of the time characteristics on the width of rectangular barriers of the scattering
potential is considered. It is shown that when the carrier energy of wave packets coincides
with the energy value of resonance transmission when in the volume of the scattering
potential a quasi-bound state system is formed.

Keywords: scattering problem, bound state formation, appearance and delay times.

Introduction. In this work, we consider the time evolution of a wave
process initially having the form of two wave packets falling from the left and right
sides on a one-dimension scattering potential. Under certain conditions, when the
carrier energy of the wave packets equals to the energy of the resonance
transmission, the wave process brings to the formation of a quasi-bound state into
the value of the scattering potential. In particular, we consider the genesis and
collapse process of a bound state into the value of a simple rectangular well which
is located inside the scattering potential, namely in the region between two
identical rectangular potentials. Such a scattering system, when the width of the
rectangular potentials takes an infinitely large value, transforms to a simple
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potential well. We investigate the time characteristics of the formation and delay
processes of a quasi-bound state as functions of the width of the scattering system
barriers. In particular, in the limit of infinite ly wide barriers, when the scattering
potential having from two identical rectangular barriers takes a quantum well form,
the process time evolution is considered.

In outlines of the time evolution of the above described process seems to be
clear. Some part of the falling wave perturbation reflects from the scattering
system. The remaining part enters into the region of the barriers where a quasi-
bound state can appear. As the time characteristics of the discussed wave process,
we consider the entry time of the wave packets into the scattering potential volume
and the life time or decay time of the appeared quasi-bound state. The entry time is
defined as the difference between the achievement times of the maximum value of
the wave perturbation in the well center, which are calculated for two cases of
scattering potential present and absent. The delay process of a quasi-bound is
directly started after its appearance process, i.e. the final time moment of the
appearance time is the start time moment from which the life time is calculated.
The final stage of the delay process is considered for the time moment when the
diverging wave perturbation immediately at the borders of the scattering potential
takes the maximum value.

Theory. It is well known that a quantum particle motion in a potential field
U(x) is described by means of the time-dependent Schrodinger equation, which

for the case of a one-dimensional motion has the form:

2 2

.0 3 _/‘7_8_
lﬁaq)(x,t)—[ - ax2+U(x):|(D(x,t), €))

where @ (x, t) is the wave function. This equation has to be collaterally considered
with an initial condition, defining the space dependence of the wave function for an
initial time moment:

O (x,0)=D,(x), 2)

where @ (x) is given. The standard requirement imposed on a wave function is
the normalization condition:

ICD(x,t)q)*(x,t)dx:I. 3)

—00
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As a function of time, the dependence of function ® (x, t) is usually divided

into two types. First of them is the harmonic form of the time dependence and the
second one is all the others. For time harmonic solitons, the wave function is
considered as

D (x,1) = exp{—iE(k)t/ h} ¥(x, k),
where W(x,k) satisfies the stationary Schrodinger equation:

()

— (k= u(x)) ¥ (x,k) =0 4)

and k =2mE(k) / h, u(x)=2mU(x)/ k> . The function u(x), which is usually

called a potential, can take both positive and negative values. Further, the potentials
vanishing at infinites will be considered only:

u(x — 00) =0.

The above given equation can have two solutions. The first corresponds to
an infinite motion, when the wave function is normalized to delta-function and the
second one describes the finite motion or bound states when the wave function is
normalized to a finite quantity. Note that for the last case the energy can take
discrete values only, and for the existence of bound states in the same places, the
potential has to have negative values.

The wave functions of infinite and finite motions have different natures,
which are seen from the difference between their normalization conditions:

Jwhw (x-kyde=0(k=k), [ ¢(x, 2,)6(x, 1,)dx =3,

Here we denoted the wave functions of an infinite motion as { and for a
bound state as ¢. Note that for the bound states in Eq. (4), quantity k* takes a

negative value, so that k* = — ;(2 and k =iy, where y is areal quantity.

As seen from the above written conditions, the wave function of the infinite
motion has no dimension, i.e. it is a dimensionless quantity (note that the delta
function has a dimension inverse to its argument dimension, for example,

[k] =1/ meter and [5 (k)] = meter ). In contrast to that, the wave function of a

bound state has a dimension equaling to 1/~ meter .
46



For the one-dimensional scattering theory, the more interesting solutions of
Eq. (4) are the so-called scattering wave functions, corresponding to the left and
right scattering problems, which have the following forms of an asymptotic
behavior:

v, (x,k) =—= {exf k{)l:;}) ;l,:c(}k)exp{_ih}’ NIGUANC
(k)exp{—ikx}, X —> —o0,
v (x k) { Xp{ i } ( )exp{ikx}, X — +o0 (©)

where k> 0 and 7'(k), R(k) and S (k) , P (k) are the transmission and reflection
amplitudes of the left and right scattering problems, correspondingly . Note that in

Eq. (5) and Eq. (6), the factor 1/+/27 provides the normalization condition on the
delta function of the scattering wave functions (see, for example, [1]):

J v k(= de =8k =k, [y, (ehy, (e k) dx= (k=K. (D)

It is important to mention as well that the left and right scattering functions
are orthogonal to each other:

[w,(x. k), (x,.~k")dx =0. ®)

The functions y,(x,k) and y, (x,k) are independent solutions of Eq. (4),

so its arbitrary solution can be presented by them in a linear combination form. For
the transmission and reflection amplitudes of the left and right scattering problems,
the following relations take place (see, for example, [2-4]):

1- R(k)R(~k) =T (k)T (~k), ©)
1— P(k)P(~k) =S(k)S(~k), (10)
P(k)T(—k)+ R(=k)S(k) =0, (11)

S(k)=T(k). (12)

Note that for the case, when in Eq. (4), the potential #(x) is a real function,

the action sign change of parameter k is equivalent to the complex conjugation
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action (for example, y,(x,—k) =y, (x,k), R(—k)= R"(k) and so on). Below,

we will consider the real potentials only.
As it follows from relations (11), (12), in this case the reflection amplitudes
of the left and right scattering problems differ from each other by a phase factor:

R(k)=—P (k)T (k)/T (k). (13)
Presenting T'(k) =|T'(k)|exp{ig,(k)} where |T(k)| and ¢, (k) are the

module and phase of transmission amplitudes, it is easy to see that the last equation
takes the form of:

R(k) = = P"(k)exp{i2¢, (k)}. (14)
From this equation it particularly follows that
|R(K)|=|P(k)| and @, (k)+¢, (k) =7 +2¢,(k), (15)

where |R(k)
amplitudes of the left and right scattering amplitudes:

R(k) = [R(k)|exp{ip, (k)}, P(k) =|P(k)|exp{ip,(k)} .

Below we consider the evolution problem of wave packets constructed on

P(k)| and ¢, (k), ¢ (k) are the modules and phases of the reflection

b

the basis of scattering wave functions (5), (6):
O(x,1) = [[v,(w, (k) +v, Ry, ()| exp{~EGR)  Bydk, — (16)
0

where E(k)=h’k>/2m and v,(k), v.(k) are the coefficients of the expansion
spectrum of the wave process @ (x,7) conducted on the basis of the scattering functions

v,(x,k), v, (x,k). Note that in case of choosing any other basis of orthogonal

functions, for example, Fourier waves:

1 |
explilkx —E(k)t/h)}, ——exp{—i(kx+Ek)t/h)},
T2 pii( (k)t/h)} T2n p{—i( (k)t/n)}
the expansion coefficients will depend on ¢, unless of course, #(x) =0 everywhere.
v, (k) = j D, (X, (x,k)dx, v, (k)= j D, (X (x,k)dx . (17)
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It is easy to check when for the function ®(x,?) satisfying condition (3), the

spectral coefficients would be chosen so that

[v, (k)v; (k) +v, (k) (k)ldk =1 . (18)

Sy ]

In accordance with (16)-(18), the evolution of the wave perturbation @(x,?)
is defined by the form of the functions v,(k), v (k).

Resonance tunneling. As a scattering potential, we will consider the system
of two identical rectangular potentials having width d and divided from each other

by distance L. It is easy to see that that this scattering potential transforms to a
simple rectangular well when d — oo (see Fig. 1).
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Fig. 1. The set of two barriers when d — o« transforms to a simple well

The scattering amplitudes of any one-dimensional potential presented by
means of two parts can be written by means of the scattering amplitudes
corresponding to these parts (see, for example, [5]). So, the system transmission
amplitude has the form:

T _ tl tl[

= (19)
l_plrll

where the indexes / and /I correspond to the left and right barriers of the scattering

potential. So, p, is the reflection amplitude of the first barrier determined from the

right scattering problem and 7;, is the reflection amplitude of the second barrier
determined for the left scattering problem. Applying the general relation (13) to the

first barrier ( p, = —rl*tl / t; ), and taking into account that the barriers of the
scattering potential are identical (¢, =¢, =t and r, =r, exp{—i2k(L+d)} =r),
for (19), one can write:
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| expl2ip,]
1+ exp[2ip,, | ’

(20)

where ¢, is the phase of the transmission amplitude of a single barrier

(t= |t| explig, ] ), and we can make a notation:

P = KL +kd +, . 1)
It is easy to see that when
Q.. =72, (22)

the exponent in the dominator of (20) equals to —1. Taking into account the fact
that for any value of k, the equality 1— |r|2 = |t|2 takes place, one can check that
Eq. (22) defines the resonance values of k,, i.e. when 7'(k,) =1. So, Eq. (22) is
the transmission resonance condition for a two-barrier scattering potential.

In the region of the sun-barrier scattering ( £(k) <U,), the modules and

phases of the transmission and reflection amplitudes of a rectangular barrier have
the forms:

1 (k= 2\ |
— =cosh’{yd} + sinh*{yd} , (23)
2 2

(K + 2

— = sinh“{ yd}, (24)
i ok xd}

k2 _ ZZ
@, (k) =—kd + arctg[ tgh{;(d}} (25)

2yk

where y =.\2m(U,—E(k)) /h.

By using Eq. (25), the resonance condition (22), one can write (see, for
example, [6, 7]):

k2 _ /1/2
cigik,L}y = ;—k”tgh{znd}- (26)

n-n
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Here index n mentions that this equality can take place for certain values of

k, only and

2y =\2mU, 11—k .

As it follows from the above mentioned, the resonance values of the wave
number depend on the distance between the barriers, the width and the magnitude
of the potential of the barriers;

k =k (LdU,). 27)

where, as it was mentioned, k, are the magnitudes of the quasi wave number,

corresponding to the resonance tunneling through a scattering potential, when the
particle transmits the potential with probability equal to unity.

It should be mentioned as well that when yd — 00, condition (26) transforms
to the equation determining the energy spectrum of the simple rectangular well [8]:

2 2

k _
cta kL) = 7}’: . (28)

Since the transmission amplitudes of the left and right scattering problems
equal each other (see Eq. (12)) and the reflection amplitudes differ by the phase

factor (see Eq. (14)) for the same value of k,, the resonance tunneling can take
place in two directions. If for a given value of k, a particle falling from the left on

a potential resonantly transmits, when for this value &, , it will resonantly transmit

potential falling from the right as well:

IT(k,)

=|S(k,)| =1 and |R(k,)

=|P(k,)|=0. (29)

Here we consider the wave packets with spectral composition of £ near to

the magnitude of & , i.e. taking magnitudes into the interval:
k,—Ak<k<k +Ak (30)

where Ak <<k, . Expanding the modules and phases of scattering amplitudes

T(k), R(k) and P(k)on series k near the resonance values, one can write:

T(k) = expli(o,(k,)+o;(k,)k~k,))}, R()=P(k)=0, (1)
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=k, +(k—k,)) ~ k> +2k,(k—k,). (32)

Note that near the resonance modules of the transmission and reflection,
amplitudes take their maximum and minimum values (see Eq. (29)), so that near
the resonance

o|T(k,) ok=0.

ok = B|R(k,)

ok = 8|P(k,)

In accordance with equations (31), (32), in the region of k near to k, (30),

the scattering wave functions can be presented:

( k)— 1 exp{ikx},x—>—oo, “
VIS o \expilke+ 0, (k) + o)k =k}, x40, )

(k) =L [expilor (k) 07k )k k) o), x> o
e _\/g eXp{—ikx} X —> 400,

Below we consider the wave packets, having the following spectral
composition:

(34)

A 0, k<k —Ak,
gk L+d) n

vi(ky=—7==11,k, —Ak<k<k, +Ak, (35)
Ak 0, k>k, +Ak,

) 0, k<k,—Ak,
v (k)= 1, k, - Ak <k <k, +Ak, (36)
4~/ Ak
0, k>k, +Ak.

It is easy to check that the chosen forms of the spectral coefficients v,(k),
v (k) satisfy condition (18) and prove the certain form of initial perturbation

D, (x) (see Eq. (2)). Namely, at the initial time moment ¢ = 0, there are two wave

packets with maximums of the border points of the scattering potential x = -L —d
and x = L +d , i.e. in the left point of the first barrier and in the right point of the

second one.
In accordance with the above given statement of the wave evolution problem
we have done some calculations relating to the time characteristics of a quasi-

bound state appearance 7' and its decay 7”. In the Figure, we present the time as
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a dimensionless quantity in the units of u /a. The

// parameters of the quantum well was chosen as

u P i 2m an2 / #* =7 , which has three bound states. It is

_ / casy to see that when the width of the barriers tends to

e infinite, the appearance time tends a finite value, while
T'// the decay time limits to infinite.

/// Conclusion. As it follows from the obtained

) = — ¢ result, any bound state formed into the potential

volume is a standing wave packet which arises due to

B w o w the certain wave scattering process.

Fig. 2. The time
characteristics of the
considered wave process
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U.d. bUUSMr3uy, u.h. Un1nunu3uy, u.3nk. ULLUUL3UL
<Ursuvuuh EdLUSE 64 YUN4UO Yhsuubh UNURUSNKUL

Thunwplyb £ dhwgwth wninbughwih nuzwnh dpw gndnn wihpwht Spwputiph fyn-
pnighwip fuunhpp: Spnn wnubughwip nhunwpyybp £ Gpyne unyuwudwu ninquiuyyntu
wnwbughwjubphg Ywqiywsd hwdwlwpgh wbupny U wihpwihu dpwpubphg Yuqddwd
gndwu wihpwjhtu $niuyghwubiph dhongny: Lbinwgnunynid & dhownpgbipwihtu inhpnypnd
pywahywwywsd ypdwyh wnwowgdwu wpngbiup: L<Einwgnunynd Gu ndjw) wypngbivh dw-
dwuwlwihu punipwgntpp. pywghlwwywd ypdwlh wnwowgdwu dwdwuwyp b upw
Ywuph Ywd nwppwinddwu dwdwuwlyp: Vwutuwynpwwtiu, nhnwpyyty b dwdwuwlwihu
puniewantiph wfunwp gpnn nwowh nuipnuuyniu wpgbputiph hwuwniegyniuhg: Snyg &
wpybi, np Gpp wihpwihtu dpwpubiph Ypnn Eubipghwu thunwd £ hwjwuwnp nbgnuwbuwht
wugdwu tubpghwhtu, wwyw gpnn wyninbughwih swywnd dbwynpynud | juwywsd yhdwly:

Unwugpuyhti pwnbp. gpdwu fuunhp, Yuwdwsd yhbwyh wnwowgnid, wnwowg-
dwt b wwppwnddwu dwdwuwy:

AJK. XAYATPSAH, A.X1. COTTOMOHSH, A.1I0. AIEKCAHSAH

IPDEKT XAPTMAHA U ITPOIHECC OBPA30BAHUS CBA3AHHOI'O
COCTOSAHMUA

PaccmaTpuBaeTcst 3BOMIONIST BOJHOBBIX ITAKETOB PACCEUBAOLIETOCS B IOJIE OIHO-
MEpHOTo NOTeHIHana. PaccenBaromuii MOTEHIMAI PACCMOTPEH B BHJE CHUCTEMBI U3 JBYX
HAECHTHYIHBIX MPSMOYTOJIBHBIX 0apbhepoB, a BOJHOBBIC ITAKETHl CKOHCTPYHPOBAHBI Ha Oase
BOJMHOBBIX (pyHKIHMI paccesHus. Mccnemyercs mpomecc o0pa3oBaHUs KBa3HCBA3aHHOTO
COCTOSIHMSL B MeXOapbepHOH oOnacTu. M3ydeHbl BpEeMEHHBIC XapaKTEPUCTHKH JIaHHOTO
mpouecca, Takue Kak BpeMs MOSBICHUS CBSI3aHHOTO COCTOSIHHS U BpEMsl €ro KM3HU WU
pacmaza. B wacTHOCTH, paccMaTpuBaeTcsi 3aBHCUMOCTH BPEMEHHBIX XapaKTEPUCTHUK OT
TOJIIIMHBI MPSMOYTOJBHBIX MOTEHIIMANOB pacceuBarollero norexiuana. Ilokasano, uro B
cllydae, KOrjia Hecylasi SHeprusi BOJHOBOTO MakKeTa COBMAJaeT ¢ 3HEPruei pe3oHaHCHOro
TYHHEJIMPOBaHUs, B 00BbEME paccerBaloIero NnoTeHuana GopMupyeTcs KBa3HCBsI3aHHOE
COCTOSIHHE.

Kniouegvie cnoga: 3anaua paccesHus, 00pa3oBaHHE KBA3HCBA3aHHOTO COCTOSHUS,
BpeMeHa 00pa30BaHMA U pacnaja.
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