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A SOLUTION METHOD FOR NONE COOPERATIVE MULTI-
PARAMETRIC GAME MODELS BASED ON DIFFERENTIAL
TRANSFORMS

A new approach for solving none cooperative game models with multi-parametric
coefficient dependencies is proposed. The Solution is based on the differential transform method
of Pukhov. The proposed algorithm is tested for multistep ship collision determination game.
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The Consumption of limited resources, minimization of costs, maximization
of profit, as well as the market demand leads to the necessity of researching
multiple variations of different task parameters for the optimal solution. In practice,
these changes mostly appear as multi-parametric dependencies. During the recent
years, interest in multi-parametric game models rises too. Unfortunately, there are
not many methods and algorithms devoted to the solution of these specific type of
game models. In this research, we will try to fill this gap and apply the differential
transform method to solve the game models with parametric coefficients. As an
example, we have a ship navigation system, where a collision risk is described as a

game model. The game is presented by the R =[/’/( VO/V/ )] risk matrix,

containing the same number of columns as the number of the ship strategies. Vj is

the speed of the own ship, V/; is a moving speed of the j-th encountered object [3].
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where /  1s the value of the risk of collision between the ship and the encountering

j-th object, D. - the safe distance of approach, 7 - the safe time which is necessary
to execute a manoeuvre avoiding a collision with consideration of the actual

distance, Dj - the actual distance between the ship and the encountering j-th ship,

a,,da,,a; -the weight coefficients appropriately depend on the state visibility at
sea, the dynamic length and dynamic beam of the ship, the kind of the water

- the distance of the closest point of approach, 7, /. _ the time to the

region, D/ o

min
closest point of approach. Dk 6[0.5—2.5] nm, where 0.5 nm is the considered good
visibility, and the 2.5 nm restricted visibility, @, = @, = @; = 0.4 (taken from [5]).
At each step, the most dangerous object is determined with regard to the
value of the collision risk /. If, at a given step, no solution can be found at a

speed of the ship V, the calculations are repeated at the speed reduced by 25% until
the game has been solved. The calculations are repeated step by step until the
moment when all the elements of matrix R become equal to zero.

Simplex method for solving multi-parametric linear programming tasks
based on the differential transform.

In order to apply the approach of a multi-parametric case, first let us
consider Pukhov’s differential transforms [8]:

- direct transformation:
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- reverse transformation:

K.
eyt 5z [fz‘fu]f

e, Y
'~y ] Ulk, ik )

227



Where 4 = (/—/ H ) is the vector of some positive scale coefficients;

7
t = (z‘_z b ) - the vector of the approximation center coordinates; U(/( 7 K /7)
- the discrete function of integer arguments; and K, ,.., K n 1s the differential

range of the U(ZiZ"”’t ,7) originals.

The mathematical model of the linear programming problem with multi-
parametric coefficient dependencies in the left-hand parts of restrictions is
presented:

f(X):CJ Xy +CH X5+.4Cp-Xp —>)e})ézz§,

A(ltz,l‘Z,...,l‘/)X <b (4)
X;20..,xp20

D:

By applying direct differential transformations (3) against the elements of
functional dependencies in (4), we receive relations [1-2] for calculating the D-
T(differential transform) images, corresponding to simplex-conversions.

Parametric changes of the left-hand side constraint are presented:
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where i=1n, i #iy, j=Ln+m, K(K,K,,..K,)=0,0.

The following problem can be presented in the form of linear programming
equations:

F=X,+X,+X;+...+X,, > max

X1X2X3.-X10
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The final divert transformations after applying the simplex method with
The parametric expression of the value of the game will be restored as [1-2]:
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differential transform are presented below:



V =0.0176(t -0.2)°(d —0.5)° +0.0028(t -0.2)" (d —0.5)' +0.0109(t -0.2)*(d —0.5)> +
+0.0419(t -0.2)°(d —0.5)" +0.0097(t -0.2)°(d —0.5)* +0.0243(t -0.2)"(d —0.5)" +
+0.0297(t -0.2)>(d —0.5)° +0.0087(t -0.2)" (d —0.5)* +0.0069(t -0.2)>(d —0.5)" =
0.0419d +0.024¢ + (d — 0.5)*(0.0087¢ — 0.0043) + 0.0109(d — 0.5)> (t-0.2) +
+0.097(d —0.5) +(d — 0.5)(0.0028¢ — 0.0014) + 0.0069 (d — 0.5)(t-0.2)> +
+0.0297(¢—0.5)% —0.0155

Appropriately, the probabilities of the collision risk between the ship and the
encountering j-th objects will be restored as:

r, =0.6626d +0.0032t +(d - 0.5)° (0.0014t - 0.0028) + 0.0104(d —0.5)°(t-02)° +
+00007(d - 0.5)° +(d - 0.5)(0.140 9t - 0.02818) + 0.0008(d - 0.5)(t - 0.2)° +
+0.154(t -05)° -0314

r, =01996d + 01657t +(d —0.5)? (0.0008t —0.00016) + 0.0443(d —0.5)?(t-02)° +
+0.0008(d —-0.5)° +(d —05)(0.230 5t — 0.0461) + 0.0006(d —0.5)(t -0.2)° +
+02754(t -05)? - 0845

r, =00179d +0.0136t +(d - 0.5)? (0.0136t —0.00272) + 0.0443(d - 0.5)°(t-02)° +
+00131({d -05)° +(d - 0.5)(0.014 9t - 0.0298) + 0.9006(d —0.5)(t -0.2)° +
+0127(t -05)? - 00019

r, =06677d +0.0008t +(d —0.5)?(0.0003t —6.0e —5) +0.0092(d -05)°(t-02)° +
+0001(d -05)? +(d -05)(0141 3t -0028) +0.0002(d —05)t -02)° +

+01509(t —05)° —0333

ry =06677d + 0245t +(d - 0.5)? (0.0003t —60e —5) +0.0092(d -05)7(t-02)° +
+0001{d -05)? +(d - 050141 3t —0028) + 01509 -05)t -02)7° +

+01509¢t -05)7? -0256

r, =0.0007d +0.245t +(d —0.5)° (0.0011t —-0.0002) +0.001(d —0.5)°(t-02)° +
+0.256(d -05)? +(d -05)(0.001 6t —0.0003) +0.1509(d —-0.5)t -02)° +
+0.1509(t - 0.5)° —0.048

r, =0.00041d + 0245t +(d — 0.5)° (0.0011t —0.0002) + 0.00085(d —0.5)°(t-02)° +
+0256(d —05)? +(d —05)( -1256e °t—-25008e °)-212 —5(d —05)t -02)° +
+01509(t —05)? —0.049

ry =0.00035d +0.0092t + (d - 0.5)° (0.0011t - 0.0002) + 0.00045(d —0.5)° (t-0.2)° +
+00061(d —-0.5)° +(d - 0.5)(0.008 t — 0.0016) + 0.0003(d - 0.5)(t - 0.2)° +
+00022(t —0.5)° - 0396

ry =0.00061d + 0.0019t + (d —0.5)° (0.0012t —0.00024) + 0.0009(d —0.5)° (t-0.2)° +
+0.00621(d —0.5)° +(d - 0.5)(0.001 t - 0.0002) +0.00045(d - 0.5)(t -02)° +
+0.0038(t —0.5)° —0.00061
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e =0.00016d +0.00024t + (d - 0.5)° (0.0034t — 0.00068) + 0.0002(d —0.5)° (t-0.2)° +
+0.0001(d - 0.5)° +(d - 0.5)(0.00011¢t - 0.00022) + 0.00038(d - 0.5)(t -0.2)° +
+0.0038(t - 0.5)° - 0.0001

Conclusions and results: We applied a parametric simplex method to solve
the linear programming problem of the game matrix. For the ship collision game,
there are 2 essential points to calculate the risk values. These points are the given
sea visibility boundaries with 0.5(good visibility) and 2.5(low visibility).
Numerical values of the ship collision risk are presented in table:

Table
0 {rihi =1n,n=10 v
0.5 {0.0136, 0.0427, 0.0102, 0.0198, 0.4010, 0.1036, 0.011, 0.157
0.513, 0.0020, 0.0004 }
2.5 {0.141, 0.009, 0.0102, 0.667, 0.150, 0.0307, 0.132, 0.120, 6.57
0.0075, 0.0039 }

We see that the highest probability has the strategy 8(for good visibility) and
strategy 4(for low visibility) which means that the risk of the collision with the first
object is dominantly high, while for the rest of strategies it is almost 0. So for the
next step of the game, the risk matrix should be generated taking into account the
direction of the highest risky object whose appropriate object number is 8(for good
visibility) or 4(for low visibility).
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Unwownyyby | pwgdwwywpwdbinpwywu wwppbip wwpniuwynn ng Ynnwbipwinpy
fuwnwhu dnnbjubph (nwddwt unp dninbignd’ hhdugws Mnifundh Ynndhg wnwownpyywsd
nhytintughwy dlwihnfunuyegniiiph Ynw: Unwewiplynn wignphedp thnpdwiplyt £ uwdtiph
pwfudwu npnodwt pwqiwwwpwdbnpwlwu fuwnh oppuwyny:

Unwugpuyhti pwnbp. puqiwpw) fuwn, puqiuwwpwdbnpwywu fuwnwihtu dnnb,
fuwnbiph wnbunye)niu, updytipu duwihnfunie)niu, nhdbpbughw| dLwihnfunieniu:

M.K. BATUHSH

PEIIEHUE HEKOOIEPATUBHBIX MYJIbTUIIAPAMETPUYECKHUX
UT'POBBIX MOJIEJIEM HA OCHOBE JJU®®EPEHIIUAJBHBIX
NMPEOBPA3OBAHUM

[MpemioxeH HOBBIH MOJIXO/] K PELICHHUIO HEKOOTIEPATHBHBIX MYJIBTHIIAPAMETPHUUECKUX
UTPOBBIX MOJieNiel Ha OCHOBe auGQepeHInaibHbIX peodpa3oBanuii. MeTos OCHOBaH Ha
muddepenumansapix npeodpazoanusx [Tyxosa. [IpemioxkeHHbII alropuT™ ObLT TECTHUPO-
BaH Ha IIpEMepe MyJIbTUIIAPAMETPHUYESCKON UTPHI I ONPeeTIeHHs CTOIKHOBEHUS CYIO0B.

Kntouesvie cnosa: MHOTOSTAIIHAS UTPpa, MYJIbTHIIApAMETPUIECKAsk UTPOBAsi MOJIEIb,
TEOPHsI UTP, CUMILIEKC-TIpeoOpazoBanue, nuddhepeHrnaaIsHoe Ipeodpa3oBaHme.
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