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THE SIMILARITY BETWEEN THE CHARGED PARTICLE MOTION IN AN
ELECTRIC FIELD AND THE LIGHT BEAM PROPAGATION IN A
TRANSPARENT MEDIUM

The similarity between the charged particle motion in an electrostatic field, and the light
beam propagation in refracting transparent medium is considered. The existing similarity
makes it possible to apply the concepts and methods of the ordinary geometrical optics in an
absolutely new branch of science — “electronic optics”. It also makes it possible to construct
electronic devices (electronic microscope, modern oscillograph tubes) similar to the
corresponding optical instruments.
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TRANSMISSION AND REFLECTION OF HOLES FROM SINGLE BARRIER
IN A SEMICONDUCTOR HETEROSTRUCTURES

The quantum mechanical problem of tunneling and reflection of holes from a barrier in
a semiconductor heterojunction has been analyzed. By using the Luttinger Hamiltonian to
describe the dynamics of holes, the inherent anisotropy, non-parabolicity and heavy and light
hole mixing at the top of the valence band has been taken into account. The general relations
among the reflectivities and transmissivities are obtained. These analytical results are
complemented by numerical calculations for volt-ampere characteristics.

Keywords: Light and heavy holes, quantum barrier, transmission and reflection coefficients.

Introduction. Tunneling and reflection from one dimensional square barrier are
traditional problems of quantum mechanics With the arrival of the manufactured
semiconductor heterostructures, these problems became also of practical interest, as
the epitaxial growth heterointerface between two different semiconductors is almost
an ideal realization of a step potential.

Many theoretical methods have been applied to study the semiconductor band
structure, electronic and optical properties [1]. These methods can be divided into two
general classes: the super cell approach in which the heterostructure is viewed as a
material with a large unit cell [2], and the boundary condition approach in which bulk
wave functions for each of the constituent semiconductors are matched at the
heterostructure interfaces [3,4]. Within the latter category, the envelope function
approach, based on the effective mass approximation [5] is easy to apply.
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As a consequence of the degeneracy at the top of the valence band, one is
forced to use a multiband effective mass theory, that in the case of GaAs-AlxGaixAs
implies the use of the 4 x 4 Luttinger Hamiltonian [6], at least for energies smaller
than the bottom of the I'7 spin split off doublet (~ 340 meV).

The aim of the present paper is to generalize the well-known textbook results
for the transmission and reflection of electrons by one dimensional potential to the
case of holes described by the 4 x 4 Luttinger Hamiltonian. The understanding of the
dynamics of holes against simple obstacles such as barriers is quite important, as they
can considered as the building blocks of more complicated devices, such as double
barrier resonant tunneling systems and superlatticies.

The calculation scheme differs, however, in an important point: while the bulk
solutions of [7] are linear combinations of four component vectors, our use of a
canonical transformation of the Luttinger Hamiltonian decouples it into two 2 x 2
blocks [8], and greatly simplifies the numerical calculations. A similar approach is
used in [9].

The volt-ampere dependence shows the influence of holes mixing on the volt-
ampere characteristics.

The single-tunnel barrier. Consider the elementary quantum mechanics of the
problem posed in Fig.1 of light and heavy holes (LH and HH) with kinetic energy E,
incident on a barrier of height U (>E) and thickness a. This simple tunneling problem
can be realized in practice with a thin AlGaAs barrier, say about 3nm thick with about
40 per cent Al, between layers of GaAs. For the moment, we consider the GaAs layers
to be doped so as to produce a Fermi energy Er (a few tens meV for 10%cm™
concentration and that the AlGaAs layer is undoped. The traditional approach is to
consider the solutions to the Schrodinger equation with Luttinger 4x4 matrix
Hamiltonian on each side of (and within) the barrier, and to analyze the progress of a
normalized plane-wave incident from the left.

We start with the standard Luttinger Hamiltonian and differential operator

(}I/X%z) involved explicitly [6]:

1d
Hjﬂ‘(kx’ky!kz :Idxj =

where
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V(z)= AE@(Z +Z%j@(z_z%j is the barrier potential ( AE being the

valence band offset) and the hole energy has been counted as positive. In equation (1),
m is the free electron mass, and y,, 7, ,y, are the Luttinger parameters corresponding

to the barrier and semi-infinite layer material.
The basis set in the above Hamiltonian can be expressed as

\/ /> X+|Y @)
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where « is the spin up and ,E’ is the spin down wave functions.
Exact solution of the effective-mass equation. The potential U(z) is the

square potential which vanishes inside the barrier and equals U in the barrier. The
Hamiltonian (1) acts on a four-component envelope function F = (Fl, F,.F. F4) and
the hole wave functions are approximately given by

\P(F): F ( )uhl +F ( )ull +F ( )U|2 + F4(F)Uh2- (6)

In approximation that the Bloch functions (2)-(5) are equal in the two materials,
boundary conditions can be expressed in terms of the envelope functions alone.

The potential U(Z) breaks the translation symmetry along z; however, Kk, and
k, remain good quantum numbers and we can set F;(X, y, )= eI £ (2),

The boundary conditions require the continuity of each component f; (z) of the
envelope function and the following vector [10]
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The continuity of vector (7) generalizes the usual derivative boundary
condition, and is equivalent to the Hermiticity of the effective-mass Hamiltonian; it
implies the conservation of the current through the boundary, provided the Bloch
functions at both sides are taken to be equal.

For each E, we find the eigenfunctions of the Luttinger Hamiltonian with a

given IZ‘ | :iﬁkX + Tky, and with the corresponding values K,. They are denoted by

£k, £k, out of the barrier and by +q,, £q, in the barrier, where E is replaced by

U — E . Then, we take the most general linear combination of bulk solutions, and we
impose boundary conditions at the two interfaces.
The hole wave function in the cylindrical coordinate (kH ,K,,®) out of the

barrier region is:

_ ce" +ce ™ e +c,e (8)
out CtheikhZ +C2 Fh*e—ikhz +C3Fleik|z +C4Fl*e7iklz y
i M K., L NE S
where F, =U. +iW,, U, =—"75-5—, I_thza’ M, = I 7,
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7=ricos 2 yisini2p , L =T a,=akl —E, a="L"2
m 2m
+2 . . _
a, Zu. F., is complex conjugate of F,, .
2m * ,
ki =(6Cc—nk? —yE=x
I;h ( ) Il V1 (9)

+ \/47/22 E® +4y,(n—-3c)k’ E+12n(3n—2)k" +3cnk’ sin® 2¢

Nn=y—4y;, c=yi-7i.
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Transmission coefficient. The conservation of wave number IZ‘ | in each region

corresponds to an assumption of secular reflection and transmission by the boundary.
The transmission T, and reflection R, coefficients through channel n are, for

example, in the case of an incoming HH state (¢, =1,¢, =¢, =¢, =0):

<‘//tHH jz ‘//lt-|H> <W»[|H jz l//I:H>
Ty =W )y W [ L), (10)
i <V/II-TH 12|V i >0 i <‘//|I4nH 12|V i >o

where indexes n and O correspond to transmitting or reflecting and incoming
amplitudes in the wave function (8), and the probability current-density operator may
be related to the boundary condition matrix (7) using the definition of the current dens-
ity conveniently written in a matrix form and in terms of the Luttinger parameters [5]

i, =Rely " ). (12)

This definition of the current density is appropriate to guarantee the
conservation of law of current to the envelope-function space in multi-band effective
mass theory [11].

Then we will always have

Ty + Ty +Ryy +Ry, =1 (12)

without exceptions.
The tunneling currents due to the light hole and heavy hole incident states are
calculated as:

I =7z [AKF(E) — F(E+eV) T (K)V,u (K),

dr (13)
Jiw =g [AK[F(E)— £ (E +eV) ]y (K)V 0 (K),

Az

where f(E)is the Fermi —Dirac distribution function. Since the population ratio of

the heavy hole to the light hole is proportional to the 3/2 power of the effective mass
ratio, the heavy holes make up 89% of the total hole population the injection electrode.
Nevertheless, the light hole current is dominant, because the tunneling probability
increases exponentially as the effective mass decreases. However, this may also
depend on the thickness of the barrier.
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In Figure above, the thickness of the barrier is a=75 nm, the current of the light
hole is higher relative to the heavy holes. When the thickness of the barrier a=25nm,
the location of volt-ampere relationships vary inversely. This explains the dynamics of
changes of light and heavy holes through each other.

Conclusions. This work has been devoted to the theoretical study of the
guantum mechanical problem of tunneling and reflection of holes from the barrier in
semiconductor heterostructures. The calculation has been carried out within the
framework of the envelope function approach which is based on the effective mass
approximation. By using the Luttinger Hamiltonian to describe the dynamics of holes
close at the top of the valence band, we have taken into account exactly the band non-
parabolicity, anisotropy, and heavy and light holes mixing away from Brillouin zone
centre.

We also provide a complete set of numerical results concerning the reflection
and tunneling of holes impinging on barriers.

The Current-Voltage dependence essentially depends not only on quantum

numberk | (IZ‘ = ik, + jk,), but also on the barrier thickness.
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hNNNALGrP ULSNKULE B4 UL ULTUANRU L UNULAPL PULPENPS
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Unwuduwgywd pjuwunwiht ninnuulnis pwppbph hwdwp nisdws £ wugdwu b wun-
pwnuwnddwt pjwunwdbfuwuhyuwlwu fuunhpp funnnsubph hwdwn: Unwowpyywsd E Lwwnuinhu-
obiph hwjwuwpdwu nddwu hwdwp hwpdwp Bnwuwy, npny 4 x 4 swihh Lwwninhugbiph hwdh-
wnUjwup pbpgnd £ 2 x 2 swihh hwdhpwnuwuh, nph ndnwiubpp hwdbdwwnwpwp wybih
htioin | qunubi; Unwgywé wihpwiht $niuyghwutipny hwodyt bu wugdwu b wunpwnwpddwu
gnpdwlhgubipp, huswbu twl Yynpin-wdwbpwihu puniypwgntipp: Nunwiuwuphpnwd £ gnpwn-wd-
wbipwjhu punyawgntiph Ywtunwdp pwphbiph jwjunignihg:

Unwigpuyhti pwnbp. dwup U phlipl funnnsutin, pywuwnwiht pwphbip, wugdwu b wu-
pwnwnp&dwu gnpdwyhgubip:

I'.b. I'PUT'OPAH, A.I'. [IOT'OCSAH, I''P. ABETUCAH, C.C. ABETUCSH,
A.D. MAHYKSH

MNPOXOXAEHUE U OTPA’KEHUE JIBIPOK OT OJMUHOYHOI'O BAPLEPA
HOJYITPOBOJHUKOBBIX CTPYKTYP

Pemrena kBaHTOBO-MEXaHHMYECKasl 3aja4da MPOXOXKACHUS U OTPAKEHUS JBIPOK OT OJH-
HOYHOTO NPSIMOYTOJIFHOTO KBaHTOBOTO Oapbepa. [Ipenmoxen ynoOHbIIH crocob penieHus ypas-
HeHus JlaTTurkepa, ¢ MOMOIIBI0 KOTOPOTO JIATTUH)KEPOBCKUH TaMIUIBTOHHAH Pa3MEPHOCTHIO
4 x 4 nmpuBeneH K BuAy 2 X 2. C HOMOIIBIO BOJHOBBIX (DYHKIHUI paccuuTaHbl KOI(P(UIHECHTHI
MIPOXOX/ICHNSI M OTPaXEHHUsI OT Oapbepa, a TaKkKe BOJBT-aMIIEPHBIE XapaKTEPHCTHKH TaKOi
CTPYKTYpblL. VcciienoBaHbI 3aBUCUMOCTH BOJIBT-AMITEPHBIX XapaKTEPHCTUK OT TOJIIMHEBI Oapbepa.

Knrwouesvie cnosa: TsoKenbie U JIETKHE IBIPKH, KBAHTOBEIN Oapbep, K03 PHUIIHEHTHI ITpo-
XOXKJICHUSI U OTPAXKECHHUS.
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