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A.ZH. KHACHATRIAN
THE SPHERE WAVE IN THE FRAUNHOFER PICTURE

In the framework of the presented work we consider the problem of description of a
superposition field generated by a system of point sources. It is suggested that a point
source generates a sphere wave, which is considered in the Fraunhofer picture. In the
general form, the problem of determining the maximums and minimums of the total wave
field of many sources is discussed.
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Here, we investigate the superposition wave field generated by a system of
point sources [1]:
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where N is the number of the point sources, a, - the sphere wave amplitude, and
the space vector R shows the observation point. Here L ; 1s the distance between

the observation point and the ; - source:

L=z +G—x) +(r=y)* 2)
where x,y,z are the coordinates of an observation point and X;,);,2; are the

corresponding coordinates of the j - source.

In the expressions of the space-dependent parts of phases of the sphere
waves generated by single sources (see (1)), i.e. for the expressions

(Dj(ﬁ):ij—]/j (j:laza""N) (3)

we took into account the fact that the wave field generation by different sources
can differ by the phases at the initial time moment. So, the quantities y; are the
initial magnitudes of the phases.

It is well known that if the problem is considered under the conditions

|x|,|y| << L,

x_,|,|y_,|,|z_/| <L, 4

when all the amplitudes of sphere waves presented in the superposition field
expression (1) take the same value: (see, for example, [1])
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where L =|z|. Using (3) and (5), the sum (1) can be written as:
- an N
U(R,t):foz;cos[a)t—goj(R)]. (6)
=
Let us consider the points where the following conditions take place:
(Pl(ﬁ):””n Qz(ﬁ)zﬁnza B (PN(R):””N > (7

where n =012, . We will call these points the phase points. It is easy to see that

at the phase points, the expression of the general field (6) takes the form of:

N
UR,1) =4 Y (-1)"" cos(at), (8)

J=1

where 4, =a, /L . From this formula it follows that if all »; are even or if all »;

are odd, the oscillations occur with the maximum amplitude;
U(R,t) = £NA4, cos(wt) . )

It should be noted that the oscillations, when all n; are even, and the

oscillations when all n; are anti-phase to each other, the phase points at which the

oscillations occur with the maximum possible amplitude are usually called the
points of the main maxima.
It is obvious, that if in (8), only one of »; is an odd number and all the others

are even numbers, or vice versa (only one of »; in (8) is an even number and all the

others are odd numbers), then the oscillation at such points takes the form:
U(R,t) = £(N —1) 4, cos(wt) . (10)

These points can be called the maxima of the N —1 order.

Guided by the same logic, it is easy to see that the field amplitude or the
order of the maximum at the phase point is determined by the difference between
the numbers of the even and odd »; in (8). Let N’ be the number of sources for

which n; are odd (even). Then, the number of sources for which »; will be an even

(odd) number is N —N'. It is clear that in this case the field will look like:
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U(R,t)=+(N - N'")4, cos(ot). (11)

Note that this expression will correspond to the maximum of the N—-N'
order.
As mentioned above, the quantities y; are the initial magnitudes of the

phases ¢ j(ﬁ) =kL; —y; (see (3)). Let the radiation of sources be induced by the

presence of some primary field w(#,#) in space. This field is an external
mechanism for creating forces for all sources, under the action of which the sources
begin to generate waves. It is clear that, if we neglect the influence of the
secondary field created by the sources on the sources themselves, then the
oscillations of the sources will be determined only by the magnitude of the primary
field at the points of the sources. For example, in the diffraction of X-rays on a
crystal lattice, when the primary X-ray penetrating into the volume of the crystal
leads to the excitation of secondary waves on the atoms of the lattice. As it is
known, in this case, the difference in wave paths from different atoms is
determined not only by their mutual position, but also by the directionality of the
primary beam [2-5].
Let the primary field w (#,7) have the form of a plane wave;

w(7,t) = B, cos(wt — KR), (12)
where the quantity B, is its amplitude and
K=k-e, (13)

where ¢ is the unit dimensionless vector showing the propagation derestriction. In
accordance with the above mentioned, in the dipole approximation (the spatial
dependence of the primary field within a one-source origin can be neglected) the

initial phases y ; take the form:

71:k'ﬁ’72212'f§a"'a7N:IE'fN- (14)

Taking into account the connection between the wave number k& and the
wave length A (k=2z/2) and using (13) for (14), one can get:

.o - )
Ll—e~r1=5n1,L2—e-r2=En2,-",LN—e~rN=5nN . (15)
The quantities L; —é-7; (j=1,2---,N ) are the wave paths. As it follows from
the conditions (7), if both »n; and » are even at the same time, or are

J
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simultaneously odd, then the waves from the ;-th and i-th sources amplify each

other. It is clear as well that for the same parity of n; and »; the difference n; —n;
is always an even number. So, if # —n; =2n, (ny- =0,£1,£2,---), i.e. n; and n; have
the same parity, the path difference takes the form:

L-L,—&(~7,)=Any, (16)

and the waves from these sources amplify each other. If 7, and n; have a different

parity, which means that »n, —n ;=2n; +1 (ny- =0,%£1,£2,---), the waves of the j-th

and the i -th sources extinguish each other;

L~ L, —&(F 7)) = An; +1/2). (17)

Let us now assume that the generation of waves at the sources occurs with
the same initial phases, i.e. in (16) and (17) all the products é(7; —7,) =0. It can be

in the case the wave vector K (13) of the primary wave is perpendicular to all
vectors 7; (j=1,2---,N) and, therefore, é-7, =0. In this case, the formulas (16),

(17) take the form:
L—L;=An;, (18)

L—L; = An; +1/2). (19)

When N =2, it is easy to see, that these conditions are nothing more than
the known conditions of the maxima and minima of the interference pattern. In
accordance with this, we will call relations (18), (19) , as well as (16), (17), as the
conditions of maxima and minima for a system of N sources.

As it is shown in Ref. [6] for the Fraunhofer picture, when the following
conditions take place:

k f k
27[L|xj ’ 27[L|yf|<<1’ (20)
the sum (6) takes the form:
_ an & XX, +y-y;
U(R,t)=TOZCos a)t—k-zj—%k—}/j . 21
J=1

In the general case of arbitrary arranged sources, this expression can be
considered by numerical methods only. However, if the location of sources has a
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symmetry, or a certain regularity is presented in it, when on the basis of formula
(21) analytic results can be found. So, let us suppose that all the sources locate on
the plate z =0 and the initial phases of all equal zero;

z;=0and y,=0 (j=12,--,N). (22)

In this case, sum (21) takes the form:

. N X 4 VeV
U(R,t):%ozco{m_%k} | 23)
j=1

In the general case of arbitrary arranged sources, this expression of the
superposition field written for Fresnel can be considered by numerical methods
only. However if the location of sources has a symmetry, or a regularity is
presented in it, when on the basis of (23) analytic results can be obtained. So let us
suppose that the sources located on the plane (X,Y)are arranged in this plane on a

certain circle centered at the origin of the coordinate system. It means that for the
coordinates of all sources it takes place:

X +y; =d’, (j=12N) (24)

where the quantity & is the radius of the above mentioned circle. Introducing the
polar angle « on the plane (X,Y) the coordinates of the sources can be presented

as:

X; =dcosa_/, Y, :dsinaj R (25)

where «; is the polar angle of the j -th source. If the location of the sources on the

circle is unformal, it is easy to see that the dependence of «; on its index has the

form:
0!‘]- = Aa(J_l) 5 (26)
where
27
Aa =22 27
a== @7

and we take a; =0. Now, let us present the Cartesian coordinates of the observation

point by means of polar coordinates:

xX=pcosa, y=psina. (28)
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Using (25) and (28), the sum (23) can be written as:

N
U(R,t) = afoz cos[a)t —pTdk cos(ar — a‘/)} . 29)

J=1

It is easy to see, that for the case of the periodic structure, this sum gives the
well- known result of the diffraction theory.
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u.d. bUUSMr3uu
Udtrhy ULhLE SrUNhLLNDErP NUSUENrNKY

Upfuwwnwuph 2powuwlubpnd nhunwpynd £ Yenwihu wnpniputiph hwdwwngh
Ynndh gbubipwgpws unwytipuinghghnt nwwnh Uywpwgnpdwu futnhpp: Ukl wnpyniphg
wnwowgwd qunuwihu wihpp nhinwnpyynd £ Spwnivhndtiph wwwnytpnud: Cunhwuny duny
putwpyynw £ pwqdwphy wnpjnipubph punhwunyp wihpwiht nwowh hunbuuhyniejwu
wnwybjwgnyuh W ujwqugnyup npnadwt fuunhpp:

Unwtigpuypti punbp. nhppwlghwih nbiuneiniu, Spwniuhndbiph wwnytin:

AJK. XAUATPAH
COEPUYECKASA BOJIHA B KAPTUHE ®PAYHI'ODEPA

B pamkax mpezacTaBiieHHOI paboThl paccMaTpuBaeTCs 3a1ada OMUCAHUS T10JIsL, TeHe-
PHPOBAHHOTO CHCTEMOW TOUEUHBIX MCTOYHMKOB. Cepryeckasi BoJIHA OJUHOYHOTO UCTOY-
HHUKa paccMmarpuBaercst B kaptuae ®paynrogepa. B Hanbonee obimem Buzne odcyxmaercs
3aj1a4a orpeeIeHUsi MAKCHMYMOB U MUHMMYMOB TIOJISI CHCTEMBI HICTOYHUKOB.

Kniouegvie cnosa: Teopus audpakuun, kapruHa @payHrodepa.
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