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THE COMPLETE CAPS IN PROJECTIVE GEOMETRY PG(n, 3)

We consider the problem of finding the sizes of the largest and the least caps in
projective geometry PG(n, 3) over the field F; = {0, 1, 2}. A cap is a set of points, no three
of which are collinear. We give two new recurrence constructions for complete caps in
projective geometry PG(n, 3). Notice that the constructed caps for some n's have maximal
passible sizes.

Keywords: affine space, projective space, points, caps, complete caps.

In this paper, we consider a variant of the packing problem for the n-dimensional
projective geometry PG(n,q) over a finite field F; with g elements. The packing
problem is to find the maximum cardinality of a set points with property that no k
points from this set are linearly dependent. When & = 3 such sets are called caps. A
cap is called complete when it cannot be extended to a larger one. The main
problem in the theory of caps is to find the minimal and maximal sizes of complete
caps in projective geometry PG(n, q) and/or in affine geometry AG(n, 3). Finding
the exact value for minimal and maximal cardinality of caps in projective geometry
PG(n, q) or in affine geometry AG(n, 3), in the general case, seems to be a very
hard problem. There are some well-known constructions (doubling, product and
recursive) which allow to create large high-dimensional caps based on large low-
dimensional caps. Note that the problem of determining the minimum size of a
complete cap in a given space is of particular interest in the Coding theory. If we
write the points of the cap as columns of a matrix, we obtain a matrix in which
every three columns are linearly independent, hence the generator matrix of a
linear orthogonal array of strength three. This matrix is a check matrix of a linear
code with minimum distance greater than three. Let denote the size of the largest
caps in AG(n,q) and PG(n,q) by s, 4 and by s, 4, respectively. Presently, only
the following exact values are known: s, , = s, = 2", 5,4, =53, =q+ 1ifqis

odd, sy 4 =534 =q+2 if q is even, and s3, = q* + 1,534 = q* [1,2]. Apart
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from these general results, the precise values are known in the following cases:
Sa3 = Sg3 = 20[3], s53 = 56 [4], s53 = 45 [5], S44 = 41[6], S63 = 112 [7]. In
the other cases, lower and upper bounds on the sizes of caps in AG(n,q) and
PG(n,q) are known [8]. The trivial lower bound for the size of the smallest

n-1
complete cap in AG(n,q) is V2q 2 [9]. For q even there exist complete caps in
AG(n, q) with less than g2 points. But for g odd complete caps in AG(n, q) with

less than qg points are known to exist only for n = 0(mod 4), n = 2(mod 4) and
for small values of n and g[10]. In this paper, we give two new recurrence
constructions for complete caps in projective geometry PG(n,3) which implies
some well-known results.

It is easy to see that if S is a cap in AG(n, 3), then ¢ + B+ y # 0 (mod 3)
for every triple of distinct points a, B,y € S. Let’s denote by B,, = {(ay,::*, ay) /
a; = 1,2}, by B}, = {(a;,,a,) /@, = 1,a; = 1,2; 2 < i < n}and by B, the set
of points of AG(n, 3) satisfying the following two conditions:

i) for any two distinct points «, 8 € B,, there existsi (1 < i <n) so that
a;=p; =0,

i) for any triple of distinct points &, 8, ¥ € P,, @ + B + ¥ Z 0(mod 3).

We say P, to be complete when it cannot be extended to a larger one. We
will define the concatenation of the sets points in the following way. Let
Ac AG(n,3) and B € AG(m, 3). We form a new set AB € AG(n + m, 3) consisting
of all points & = (ay, ", A, Ans1, - » Anem), Where a® = (ay,--,a,) €A and
a® = (ap41,, Apym) € B. In a similar way, one can define the concatenation
of the points for any number of sets.

Claim 1. Note that if x,y,z € F3, then x + y + z = 0 (mod 3) if and only if
x =y = z or they are pairwise distinct.

Theorem 1 [11]. The following recurrence relation B, = P, P, B, U
Py, Bp, Py, U By By, P,,, with initial sets P; ={(0)}, P, ={(0,1),(0,2)} and
n= 213-:1 n; , yields a complete B, set.

Proof. We use induction on n. It is obvious that P; = {(0)} and
P, = {(0,1),(0,2)} are complete and they satisfy the conditions i) and ii). It is not
difficult to check that P;={(0, 0, 1), (0,0, 2), (0, 1, 0), (0, 2,0), (1,0,0),(2,0,0)} is
also complete and satisfies the conditions 1) and ii). Assume that the sets B, , B,
and P, are complete and satisfy the conditions i) and ii). Then we will prove that
the set P, = A; U A, U A; is also complete and will satisfy the conditions i) and
ii), where Ay = P, Py, By, Ay = Py By, Po,, A3 = By Py, Pyandn = 33 n; .
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Clearly, the sets A;, A, and A; are pairwise disjoint and each of them
satisfies condition i). The constructions of the sets A, A, and A3 imply that every
pair 4;, A; has one common P, in the same position for some n, € {nq,n,,ns},
therefore the set P, = A; U A, U A5 satisfies condition i).

We have to prove by contradiction that the set A; will satisfy condition ii).
Assume that there are three pairwise distinct points a = (aq,:, ),
B =B ,By) and ¥y = (y1,:**,¥n) € A; so that « + B +y = 0(mod 3). Then

a® + O + y® = 0(mod 3), where a® = (az;-,_:lln]_+1 L )
gD = ('Bzﬁ;lln,-+1""’ﬁ2§=1nj)’ y® = (ij'-;llnj+1"“’yZ§'~:1nj) and i = 1,2,3.
Since, by induction hypothesis, both B, and B,, satisfy condition ii), therefore
a® = B®O = y® where i = 1,2. Claim 1 implies that a® = B3 = y3)_ Hence
o = 8 =y, which contradicts our assumption. By a similar arguments, one can
prove that the sets A, and A5 also satisfy condition ii).

Now we will prove that the set B, = A; U A, U A5 also satisfies condition ii).
Assume that there are three pairwise distinct points a = (aq, -, a,),
B= B ,By) and y = (y1,**,¥n) € B, so that & + B+ y = 0(mod 3). Since
we have already proved that the points «, 8,y can not belong to the same set
A;, 1 < i < 3, thereby only the following two cases are possible.

Case 1. Each point belongs to only one set, say & € A1, f € A,and ¥ € A;.
By construction of the sets A; and A, both a® = (al, T a'nl) and BV =
= (ﬁl, e ﬁnl) belong to P, . Hence, by definition of P, there exists i,1 < i <ny,
so that a; = B; = 0. Since y® = ()/1, ""an) € B, , therefore y; = 1 or 2. Hence
a; + B; +vi # 0(mod 3), which contradicts the assumption that a + B +y =
= 0(mod 3).

Case 2. Only two points from a, B, y belong to the same set, say a, B € A; and
y € 4,. Then a® + @ + y@ % 0(mod3). Since, by construction of the set A;,
a?® = (an1+1,-~-,an1+n2) and B = (,Bn1+1,-~-,ﬁn1+n2) € P,,, hence there is i
so that a; = §; =0,n; +1 <i <ny +n,. But by construction of the set A,,
y® e By, therefore y; = 1 or 2. Hence a; + f; +y; # 0(mod 3), which, again,
contradicts the assumption that & + B + y = 0(mod 3). So, B, satisfies condition ii).

We will prove the completeness of P, again by contradiction. Let us assume
that there is a point @ = (a4, ..., a,), so that @« € B, and P, U {a} satisfies
conditions i) and ii). Let’s represent the point a as @ = a®Pa@ a®, where a® =
= (al' T anl), a® = (an1+1' T an1+n2) and a® = (an1+n2+1: T an1+n2+n3)'
Condition 1) for the set B, U {a} follows that at least two of the following three sets
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P, U {aM), Py, U {a®} and P, U {a®} must satisfy condition i). Since,
otherwise, if at most only one of them, say P, U {aM}, satisfies condition i), one
can find points § = (8,41, 6n,+n,) € P, a0d 0 = (04, 4n, 41, Onysnyins) € Pry »
so that the points @ = a®Ma®a® and x = 960 € P, will not satisfy condition i),
for every pointd from By . By a similar argument one can prove that B, U {a}
does not satisfy condition i), when only B,, U {a®} or only Py, U {a®)} satisfy
condition i). Therefore at least two of the following three sets P, U {a), B, U
{a®} and P, U {a®)} satisfy condition i). If the sets P, U {a™®} and By, U
{a®)} satisfy condition i), then, by induction hypothesis, the completeness of P, .
and P, implies that a coincides with one of the point of P, , and a® coincides
with one of the point of P,,, respectively. If a® ¢ By, we will choose x® =
(xn1+n2+1: ""xn1+n2+n3) and y(3) = (yn1+n2+1' JYn1+n2+n3) from Bn3 in the
following way: if a;= 0 then x;= 1 and y;= 2, otherwise, x; = y; = a;,nqy +n, +
1 <i <Ny 4n,+n,- Then aWa®x® aDa®y® € P, and claim 1 implies that
aWa@a® 4+ aWa@xB + gMa@yB3) = 0(mod 3) which contradicts the
fact that P, U {a} satisfies condition ii). Hence a® € Bp,and therefore
a=aDa®a® € P, which contradicts the assumption that a & P,.

Having the sets P, , B, Bugs Puys Pug Prg and B, , By, , By, Bn, B, Bn,,
by concatenation of the points of the sets one can form C¢ = 20 combinations with
three P,,'s and three By,'s , ten of them which we need listed below:

Ay = Py P, Bp By, By gy A2 = B Bo, Py, B B Brgs A3 = Py Bn, P, By, P By,

Ay = By, By, Py P, BuFrgs As = B Bn, P, By Po Prg» A6 = B, B, B, B P By

A7 = B, B, Bny Bn, FugPrg> Ag = Poy B, BnyBo, Pa By Ao = By, B, B P, Bn Py,
A1o = PoyBo, Py Bry By Brg

Notice that each one of the other ten combinations is a complement of some
other listed above in the sense that can be formed by replacing P,,'s by By,'s and
conversely, by replacing By,'s by P,,’s.

Theorem 2 [11]. The following recurrence relation P, = U2, 4;, with initial
sets P; = {(0)}, P, = {(0,1),(0,2)} and n = ¥%_, n; yields a complete P, set.

Proof. We prove the theorem using induction on n. As mentioned in
Theorem 1. P, ={(0)}, P,=1{(0,1),(0,2)} and P;={(0,0,1),(0,0,2),(0,1,0),
(0,2,0),(1,0,0),(2,0,0)} are complete and they satisfy conditions i) and ii ).
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Assume that the sets P, , Py, Pn,, P,, P, and B, are complete and satisfy
conditions i) and ii). Then we will prove that the set B, = U2, 4; is also complete
and satisfies conditions i) and ii), wheren = ¥5_, n; .

Clearly, the sets A4, A4,, ..., A1p are pairwise disjoint and each of them
satisfies condition i). The constructions of the sets A4, 4,, ..., A1 imply that every
pair Ai, A; (i #J,i,j €{1,2,...,10}) has at least one common P, in the same
position for some ny € {ny,n,, N3, Ny, ng,ng }, therefore the set P, = U2, 4;
satisfies condition 1).

We have to prove by contradiction that set A; will satisfy condition ii).
Assume that there are three pairwise distinct points a = (aq,..., ),
B =B, ...B8,) and ¥ = (¥4, ..., ¥n) € A1 so that a + B+ y = 0(mod 3). Then

® @ ® = @ — . )
aV + g+ yW = 0(mod 3), where a (az;;llnjﬂ L, a2;=1n,- ),

BY = (ﬂzj'-;lln,-+1""’ﬁ2§-=1n,-)’ y® = (yzg_;llnjﬂ, ""VZ§-=1nj) andi € {1,2,...,6}.
Since, by induction hypothesis B, , P,, and B, satisfy condition ii), therefore
a® =gV =y @ = @ =y and a® = O = y®, Claim 1 implies
that a® = B = y® =3 45, Therefore o = B = y, which contradicts our
assumption. In the same way, one can prove that set4;, { € {2,...,10}, also
satisfies condition ii).

Now we have to prove that set P, = U2, 4; also satisfies condition ii).
Assume that there are three pairwise distinct points a = (aq,:, ay,),
B =B ,Bn) and ¥y = (y1,*,¥n) € B, so that &« + B+ y = 0(mod 3). Since
we have already proved that the points «, 8,y can not belong to the same set
A;, i €{1,2,...,10}, thereby the following two cases are possible.

Case 1. Each point belongs to only one set, say & € A;, B € A, and y € A;.
By constructions of the sets A; and Az botha® = (al, e, anl) and
¥® = (y1,-,¥n,) belong to P, . Hence, by definition of P, there exists i, 1 < i < ny,
so that ; = y; = 0. Since B = (,81, --~,,8n1) € By, we have ; = 1 or 2. Hence
a; + B; +vi # 0(mod 3), which contradicts our assumption that a + B +y =
= 0(mod 3).

Case 2. Only two points from a, 8, ¥ belong to the same set, say «, B € A; and
Y € 4,. Since a™, M € P, , by definition of P, there is i, so that a; = f; =
=0,1<i<n,;. Buty® = (yn1+1,---,yn1+n2) € By, hencey; =1, 2. Therefore
a; + B; +vi # 0(mod 3), which, again, contradicts the assumption that a + 8 +
+y = 0(mod 3). The proof for all other possible cases is similar to the one given
above. So, P, satisfies condition ii).
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We will prove the completeness of B, again by contradiction. Let assume
that there is a point a = (ay,, @), so that @ € P, and P, U {a} satisfies
conditions i) and ii). Let’s represent a as a=aMa®@ ...a®, where
a® = (ay, -+, @), @® = (@n 41, Anyamy )s =+ O = (“Z§?=1nj+1""'“2,6-=1nj)-
Now we have to prove that condition i) for the set P,, U {a} implies that there is i,
€ {1,2,---,10} so that the three sets C; 1, ; , and C; 3 of the following ten family
of sets

Cr1 = Py, U{a®}, ¢y, = P, U {a®), ¢, 5 = B, U{a®),

Cy1 = Py, U{a®}, C,; = B, U{a®)}, ¢, 5 = Py, U {a®),

Cs1 = P, U{a®}, G35 = P, U {a®}, €35 = P, U {a®]},

Cap = P, U{a®}, €4y = By, U{a®}, ¢, 5 = P, U {2®),

Cs1 = Py, U{a®}, €5, = B, U{a®), Cs5 = Py, U {a®)},

Cop = P, U{a®}, Cgp = Py, U{a®},Cq3 = B, U {a®)},

Cry =Py, U{a®},Crp = By, U{a®},Cr5 = By, U{a®)},

Co1 = Py, U{a®},C, = By, U{a®},Cg5 = P,_ U {a®),

Co = Py, U{a®},Cy, = B, U {a®}, Co3 = P, U {a®)},

Cio1 = Py, U{a®},Cip, = By, U {a®},C1g5 = Py, U {a®}.
must satisfy the condition i), where iy € {1, 2, ..., 10}. Otherwise, the following
two cases are possible:

Case 1. There is iy € {1, 2, ..., 10}, so that only the following three sets
C'i,1, C'iy2 and C'; 5 satisfy condition i). Note that all such ten family of sets are

listed below:

C'11 =Py, u{a®}, €', =B, U{a®), C'y5 =P, U{a®},
C'y1 = By, U{a®},C'5, = B, U{a®},C'y5 = B, U{a®},
C'31="P, U{a®}, ('3, =P, u{a®}, C'55 =P, U{a®]},
C'41 =Py, U{a®},C" 4, =B, U{a®},C"y5 =P, U{a®},
C's1=P,, U{aW}, s, =P, u{a®}, C's3 =P, U{a®]},
C'e1 =P, U{a®},C'¢, =B, u{a®},C'¢5 =P, u{a®]},
C'yy =Py ufa®},c’y, =P, u{a®},c’y5 = B, U {a®),
C'g1 = P, U{a®},C'g, = B, U{a®},C'g5 = P, U{a®},
Cloq = Py, U{a®},C'y, =B, U{a®)}, C'g5 =P, U{a®},
C'101 =B, U {a(Z)}fcllo,Z =P, U {a(3)}rC,10,3 =P, U {a(ﬁ)}.

40



Assume that i = 1. One can find points §; = (61,~-~,6n1) EP,,, 6; =
:(6n1+1' ""8n1+n2) € P,,, and 43 = (6n1+n2+1: "'r6n1+n2+n3) € By, sO that
points @ = aWa@® ... a® and §,8,83x4x5x¢ € P,, do not satisfy condition 1),
for every x4 € By, X5 € B,  and x¢ € B;,_.

Case 2. At most two sets, P, U {a®} and Py U {a¥} satisfy condition i),
where i # j,i,j€{1,2,..,6}.

Assume, for instance, that P, U {aM} and By, U {a@)} satisfy condition i).
Then, there are points §3 = (52§=1n,-+1""J52?=1n,-) €P,,05 = (52§=1nj+1""'62,5=1nj) € Py,
and &g = (5215-=1nj+1""’52j‘-:1nj) € Py, SO that points a = aWa® ... q® and
X = X1X263x4658¢ € B, will not satisfy condition i), for every x; € B, , x; € B,
X4 € By, . The other cases are similar.

Suppose that the following three sets C;; = P,, U{a®M}, C;, = B, U {a®)}
and Ci3 =B, U {a(®)} satisfy condition i). Then, by induction hypothesis the
completeness of B, , P,, and B, implies that a® coincides with one of the point
of P, a® coincides with one of the point of B,,and a® coincides with one of
the point of P, _, respectively. When ad) ¢ By, we will choose two distinct points

”{: = (‘uéi—l S "',Méi . ) from By, in the following way: if a;= 0 then p;= 1
k k=1"k

k=1
and p?= 2 , otherwise, ul = p? = a;, Yiin, +1<1<Yt_ n,, where
i €{3,4,5} and j =1,2. In the case when a® € B,, we will assume that
ul = p? = a®. Then Claim 1 implies that a®a® - a® + aWaPpulptula® +
+ aWa@pipzpuZa® = 0(mod 3), which contradicts that P, U {a} satisfies
condition ii). Hence a® € B, (i = 3,4,5) and therefore & = aPa® --a® € p,,
which contradicts the assumption that @ € B,. The proof for all other three sets
C;1, Ci1 and C; 3 is similar to one described above, where i € { 2, ..., 10}.

Claim 2. Note that from the construction of B, in both theorems it follows
that if the point p = (py, ..., Pi, -, Pn ) € B, and p; # 0, then, also, the point
p' = (Py, D7) - Dn) € Pn, where p;t is the opposite number of p; in the field F;.

Theorem 3. If P, is constructed by Theorem 1 or Theorem 2, then
Sy, =P,{1} U B;{0} is a complete cap in n-dimensional projective geometry
PG(n, 3).

Proof. First we will prove that the set Sy, =P,{1} U B, {0} is a cap. Suppose
that Sy, is not a cap. Then there are a triple of distinct points x,y,z € S;, and
numbers k, lme{l, 2}, so that kx+ly+mz=0(mod3), where
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X = (X1, 0, X Xn41)s ¥ = V1,0, Yo Vne1)  and 2 = (zy, ..., Zp, Znyq).  The
following four cases are possible.

Case 1. x, y, z € B,{1}. Therefore kx, 1 + ly,4+1 + mz,41 = 0(mod 3).
Hence k+ 1+ m = 0. Claim 1 implies that k = [ = m. Hence x' +y' +z' =
= 0(mod 3), where x' = (xq,...,x,), ¥ = Yy, ..., Vn) and z' = (zy, ..., 2,).
Therefore points x’, y'and z'are collinear in AG(n, 3), which is impossible by
definition of B,.

Case 2. x, y and z € B;{0}. Claim 1 implies that x' = y' = z', where
x' =0, %),y = 1, e, V) and 2" = (24, ..., Z,,), which again is impossible.

Case 3. Two of the points, say x, y € B,{1} and z € B;{0}. Then there is i,
1<i<mn,so that x; =y;= 0, but z; # 0. Then the points x, y and z are not
collinear.

Case 4. Two of the points, say x, y € B;{0} and z € B,{1}. Then x, y and
Z are not collinear by their last coordinate.

We will prove the completeness of S,,, also, by contradiction. Assume that
there is a point @ = (a4, ..., @p41), SO that @ € S;, and S, U {a} is a cap in PG(n,
3). If @41 =0, then one can choose two points x = (xq,...,%,,0) and y =
V1), Y, 0) € Bp{0} so that: if @; # 0, then x; = y; = a;, else x; =1, y; = 2,
1< i < n . Obviously, points x, y, and a are collinear. Otherwise one can assume
that a1 = 2. Then the completeness of P, follows that P, U a’ does not satisfy
condition i), where &' = (g, ..., @,). Therefore there is a point g = (B4, ..., Bn) € P,
so that, if 8; = 0, then a; # 0 and conversely if a; = 0, then §; # 0, 1< i < n.
Using claim 1 and claim 2 one can choose the point ¥ = (¥4, ..., ¥, 0) € By{0} so
that a’' + B+y’' = 0(mod 3), where yY'=(y4, ..., V).

Corollary. For every natural number n, s, 3 = |P, [+2"71.

Notice that the cardinality of P, obtained by Theorem 1 (Theorem 2),
essentially depends on the representation of n as the sum of three (six) natural
numbers. Presenting the natural numbers as the sum of six natural numbers and
applying Theorem 2, for some n = 6 in some cases, one can obtain larger complete
P, sets than those, which are constructed by Theorem 1. It is obvious that |P;| = 1,
|P,| = 2, and |Pyy141] = 6. |Poyr1l = 12, [P3yq4a| = 32, [Pryr41414141] = 80,
|Py| = |Ps4343| = 864. Therefore, the corollary imply that 535 > 10, 543 = 20, 55 5 > 48,
Se3 = 112. So the lower bounds obtained by Theorem 3 for n = 3, 4, 6 are sharp
and sg3 = 1120. Since |Py4241| = 24 and |P,4 54| = 48, the corollary imply that
the sizes of the least complete caps in PG(5, 3) and PG(6, 3) are not greater than 40
and 80, respectively.
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h.U. YUrUMES3UL, U.h. YUrUMNES3UL

LPhd QLluUrYLErh UUUPL PG(n, 3) MPN3GUShU
truruUenNhr@3NhLNRY

Yhwwpyynw £ PG(n, 3) wpniiyunhy Gpypwswihnieiniund dkdwgnyu U thnppw-

qnyt gifuwnlubinh hanpnuejniutiiph npngdwi futinhpp® F3 = {0, 1, 2} nwiaunh Ypw: Hfuwnyp
wju Ybwnbph pwadnieyniuu k, npnughg ng dp bGpbipp unyu ninne Yypw stu: Lphy gfuwny-
ubiph Yunnigdwtu hwdwp dowyywd Gu Gpynt unp wunpunwpé deennutip: Lekup, np npno

n-tiph nbwpnw Junnigwsd gjfuwplutipp huwpwynp dEdwgnyu hgnpnie)niutbp niubu:

Unwugpuyhti pwnbp. wbhuwlywu Gpypwswihnieniu, wpnjbynhy Gpypwswitni-

RNt Ytwnbip, giiuwplubn, inhy qifuwplutip:
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HN.A. KAPAIIETSH, K.U. KAPAIIETAH
O MOJIHBIX IHAIIKAX B TPOEKTUBHOI T'EOMETPHUM PG(n, 3)

PaccmatpuBaercst 3a1aua HaX0XKICHUs pa3MepOB HauOOJIbIICH N HAUMEHBIIIEH [IaroK
B npoekTHBHOM reometpud PG(n, 3) na noste F; = {0, 1, 2}. [lamnka - 310 HabOp TOYEK, HKa-
KHe TPU U3 KOTOPHIX HE JIeKAT Ha OHOI mpsmMoi. PazpaGoTaHsl Be HOBBIE PEKYPpPEHTHEIC
KOHCTPYKIIMU TOCTPOEHHMS MOJHBIX HIAMOK. 3aMETHM, YTO IIOCTPOCHHBIC IIATIKH ST HEKO-
TOPBIX N IMEIOT HAHOOJBIIIYIO BO3MOXKHYIO MOIITHOCTb.

Knrouesvle cnosa: ahduaHasT TEOMETPHS, TPOCKTUBHASI TEOMETPHS, TOUKH, IIAIKH,
TIOJTHBIE IATKH.

YAK 515.172.22
P.B. JAJIJIAKSAH

O 3AJJAYE BJOKEHUS B ®YHKIIMOHAJIBHBIX KJIACCAX lef]
(Banaoszop)

D?
Chauana noka3bpIBaeTcsl, 4To Jrobast GyHKIHS U3 QYHKIMOHAIBHOTO Kiacca -1
(0 <p< OO) , IpeicTaBUMast JTJaKyHapHBIM PsIIOM, IPUHAUIEKUT MaJloMy Kiaccy brnoxa

B, € B. Jina pynxumii xe u3 D5—1 () B sanaua o Broxennn pemena. Jlaee TpHEO-

. p
JUTCSI OCHOBHOM pe3yJIbTaT: TEOPEMa O BIOKCHNH (PyHKIIMOHATBHBIX KJIACCOB D 1

Knioueewvie cnosea: nakyHapHble psiibl, IPOCTPAHCTBO CO CMELIAHHOM HOPMOM,
npocTpancTBa Xapawn, [ xpoamsHa-beprmana, bioxa.

Beenenne. Ilycts [ - enquHMUHEIA KpPYr KOMILIEKCHOH IUIOCKOCTH C;

H ( D)- MHOKECTBO rojioMopbueix B 1) ¢dymkumit. [lamee, mycTh s

z=ré’ eD
) 1
M (r.f)= !‘f(’”e"p)pdfﬂ 0<p<ion,
sup f(rei‘/’), p = +o0.
0<p<27
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