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AN ANALOGUE OF ONE AHERN THEOREM

Two theorems on Djrbashyan products obtained by Ahern in the special case, for
Blaschke products, are proved.
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A.A. GRIGORYANTS

THE MODEL OF HYPERRATIONAL NUMBERS WITH
SELECTIVE ULTRAFILTER

In standard construction of hyperrational numbers using ultrapower, we assume that
the ultrafilter is selective. This makes it possible to assign the real value to any finite
hyperrational number. So, we can consider hyperrational numbers with selective ultrafilter
as extension of real numbers field. The existence of strictly monotonic or stationary
representing sequence for any hyperrational number is also proved.

Keywords: hyperrational number, selective ultrafilter, non-standard analysis,
ultrapower.

Notation and definitions
We use standard set theoretic notation (see [3]). Let us give some well-
known definition for convenience.

Partition of a set S is a pairwise disjoint family {Si}_ of nonempty

iel

subsets such as US,. =S . We denote N as the set of natural numbers and P[A] -
iel
the set of subsets of A .
Let F' P[N ] be a non-principal ultrafilter on N. We’ll call the elements

in I big subsets (relative to [) and the elements not in F - small subsets (relative

to F).
F is called selective ultrafilter if for every partition {S }Zl of N such as

1

S, ¢ F for all n (small partition), there exists B e F (big selection) such as

B8, is singleton for all n € N. Equivalently, F is selective if for every function
f:N—>N suchas ' (1) is small for every i, there exists a big subset B such
as restriction f | , Is injective.
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The restriction of F to a big subset BcCN defined as
F, = {Jﬂ B:Je F} C P[B] is selective ultrafilter on B .

Continuum hypothesis (CH) implies the existence of selective ultrafilters due
to Galvin [3, th. 7.8]. The result of Shelah [4] shows that the existence of selective
ultrafilters is unprovable in ZFC. So, we continue with ZFC and CH to ensure the
existence of selective ultrafilter.

Let [S]k = {X cS: |X| = k} is the set of all subsets of S that have exactly

1

k elements. If {X‘}[e1 is a partition of [S]k, then a subset H S is

homogeneous for the partition, if for some i: [H ]k cX,.

The following fact is a special case of Kunen’s theorem proven in [5, theory
9.6]:
Theorem 1. An ultrafilter on N is selective if and only if for every partition

2
of [N] into two pieces there is a big homogeneous set.

Due to this theorem, selective ultrafilters are also called Ramsey ultrafilters.
We’ll give simplified proof of theorem 1.

We say that filter /' P[N] is normal, if for any collection {A,}:l cF
there exists B € F' so that for any i, j € B:i< j = j e 4. Equally, we can say

that /' is normal if there exists / € F' so that the above definition holds for any

collection {Ai}iel c F'. Indeed we can expand the given collection adding

A, =N for k1, then apply the definition to {Al.}: and intersect the obtained

B with /.
We continue with fixed selective ultrafilter 7' on N.

Let us denote Qx=Q"/ ~ F as the quotient of Q" = {(xl. );“v’i :x, €Q }
by the following equivalence relation:
(xi)~F (yl.)<:>{i:xi :yl.} eF.

This is a well-known ultrapower construction widely used in model theory
and in Robinson’s non-standard analysis (see [1], [2]). We only added the property
of selectivity to F'. So, we call elements Q=* hyperrational numbers. There is

natural embedding 7:Q — Q=* where T(q) is the equivalence class of constant
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sequence (q,q,...). We’ll identify Q with T(@) Also Q= satisfies the transfer
principle. So, all true first order statements about Q are also valid in Q*. In
particular, QQ* is an ordered field.

We call element xe Q= infinitely large, if |x|>|q| for all ¢ge@,

infinitesimal, if |x| <|q| for all g €@Q. Otherwise x is called finite. We write
x < oo if x is finite or infinitesimal.

We use short notation x, for some representative (xn )Zl of the equivalence

class x = [(xn ):021} € Q*. So, we can make arbitrary changes to sequence x, on

an arbitrary small set without changing appropriate x € Q*. Allowing some

inaccuracy, we’ll talk about hyperrational number x = x, . Let us call subsequence

x, =x, of x bigsubsequence if the subset J = {nk ke N} of indexes is big.

e

The hyperrational number x = x, is infinitely large, if and only if any big

subsequence x, is unbounded, and is infinitesimal if and only if % is infinitely

large.
Propositions

Theorem 2. For any x = x, € Q*, there exists big subsequence X, » which
is strictly increasing or strictly decreasing or stationary. The cases are mutually
exclusive. In case of x <0, the subsequence is fundamental and any two such sub-

sequences X, and x,, are equivalent in traditional metric sense lim( x, —x, ): 0.
v k k

k—w
We call hyperrational numbers given by increasing (decreasing) sequences
left (right) numbers. Hyperrational numbers given by stationary sequences are
exactly rational numbers.
Let Q*, = {x e@@*:x< oo} be the set of all finite hyperrational numbers

and infinitesimals.

Theorem 3. The set Q= is a local ring, whose unique maximal ideal is

modulo I is the field

fin

the set of infinitesimals 1. The factor ring of Q*ﬁn

isomorphic to the field of real numbers:

Q*,, T=R.

Proofs:
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We give the proof of theorem 1 which is a bit simpler: than the one from [5]
in part of implication “selective = normal”.

Proof of theorem 1. We use the following proof schema: selective = normal
= Ramsey = selective.

selective = normal. Let {An}:;l C F'be arbitrary collection of big sets. We
can assume with no loss of generality that Vi e 4, : i >k, because we can replace
A, with big subsets 4, = {i €A :i> k} . Let us define mapping f :N — N by
the formulaf(i) = rnin{j eN:ig Aj} . Thus f(l) <i because i¢4,.
Obviously, ' ( Jj )ﬂ A, =< and, so, sets f - ( Jj ) are small for all j. Then there

exists big set B so that f is injective on B .
We’ll  construct the  big  set A with  the  property:
‘v’i,jeA:i<j:i<f(j)Sj. Such a set satisfies the conditions of the

statement. Now let us construct subsets £, of B as follows:

my = f(b,)=min f(B), P, ={b,} for k=0,

k-1
for k>1 we get S, :{Sef(B)|s>maXUB} , and then

i=0
m, = f(b)=minS, ; B, ={beB|m_ < f(b)<m,} .

All B, are finite because f |B is injective. Obviously, 0 P={beB|f(b)<m,}"
i . ="k

All S, are infinite because f (B)is infinite. Thus S, #(J and all m, are correctly
defined. Note that S,,, = S, andso m, <m,, forall k.
k
In fact m, = f (b, ) <b, <m,,, because b, € P, and m,,, > maxUPi . So,
i=0
the sequence m, is strictly increasing. The sets F, are not empty because at least
b, eP.

k
Now if ye P, ,, then maXUB<mk+1 < f(y) and so x< f(y)<yfor

i=0

allxeLkJE .

i=0
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We have HPk =B . One of two sets Hsz+1 and Hsz is big and
k k k

partitioned with small sets P where n is odd or even. Let 4 be a big selection
from this partition. Let i< j be arbitrary elements of 4. Then i€ F, and
jeP,,, forsome k and s >0 . So, l<f(])£] and je 4.

normal = Ramsey. Let [N]2 :PHQ be some partition of [N]Z. We

consider the following subsets of N:
P={jeN|{i,jlePand j>i}, O,={jeN|{i,j}eQand j>i}.
Obviously, a)zPl.HQl.H{l,...,i} for all i. So, for fixed i one and only
one of P and Q, is big. Let B:{ieN|PieF} and C:{ieN|Q GF}. One

of B and C is big. Let it be B . So, we have a family {R}l of big sets. By the

eB
definition of normal ultrafilter there exists a big set 4 so that for any two elements

i< j from A wehave j e P, which means {i,j} € P.So, A is homogeneous.

Ramsey = selective. Let {S,}f1 be a small partition of N. Consider

Q:{{i,j} E[N]2 |Jk:ieS,,j eSk} and P= [N]2 — Q. There exists a big
subset H — N so that [H]2 cQor [H]2 c P. But [H]2 c Qimplies H c S,
for some k which is impossible because S, is small. Thus, [H ]2 c P and the

intersection H (1S, cannot contain more than one element for any k. We can add

elements to H if some of the intersections are empty. So, H is the desired big
selection. []
Lemma 1. For any injection m:N — N there exists a big subset B so that

7Z'| » is increasing.

Proof. We define the partition [N]2 =PHQ as follows

2
cannot be a subset of QO

P:{{i,j}e[N]2|i<j, ﬂ(i)<72’(j)} and Q=[N]2—P . There exists a
]

homogeneous big set B for this partition. But [B
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. e . . 2 .
because there is no infinitely decreasing sequences in N . So, [B] C P and 7|, is

increasing. []

Proof of theorem 2. Let x = x, € Q* be an arbitrary hyperrational number.

First of all let us consider the equivalence relation on N: 7~k if and only if

x, = x, . If the partition corresponding to this relation has a big subset, then there
is a big stationary subsequence of X, .

Otherwise, we consider D — N be a big selection from this partition. So,

for k,neD if k#n then x, #x,. For any ke€Z we define subsets
I, = {n eDl|x, e (k, k + l]} . It is clear that choosing nonempty subsets /, we get

the partition of D . If this partition is small then there exists big selection B . One
and the only one of two sets B ={neB|x, >0} and B,={neB|x, <0}is

big. Note that the set {xn |ne Bl.} for big B, has order type N in case of B, and
N+ in case of B, .

Otherwise, [, is big for some k. Thus, x, is a big bounded subsequence
and number x is finite or infinitesimal. Only one of two sets

Elz{neB|xn<x} and EZ:{nEB|xn>x} is big.

Let us show that if E| is big then there exists a big subset B, < E, so that
{x, |n€B,} has order type N and X, is fundamental.

For this purpose let us define the partition of FE as follows:

Jn:{ieEl\x—le[<x— ! }
n n+1

The subsets J are small for all s because if J_ is big for some s then the

number x° given by X, 1is equal to x but on the other hand x'<x.

Contradiction. Thus, we can get the big selection B, from the partition {J v};.
The sequence Xg, is obviously fundamental and the set {xn |n €B3} has order

type N .
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Similarly if £, is big we can get big subset B,  E, so that the sequence
xp, is fundamental and the set {x, | n € B,} has order type N*.

If x, and x, are big fundamental subsequences then x,. is a big

fundamental subsequence of both x, and x, Thus, x, and x, are equivalent in
traditional metric sense.

Let C be the only big subset from subsets B, and X = {xn }nE - ©Q subset

of sequence elements. We define injection 77 : N — N as follows:

72'(7’1)2 index of min(X—{xﬂ(l),xﬂ(z),...,xﬁ(H)}) ifC=B, or C=B,

and 77(n)= index of maX(X—{x”(l),xﬂ(z),...,xﬁ(H)}) ifC=B, or C=B,.
Thus, 7 is descending or ascending ordering of X and for any i< j we have

X ,» <X_, . In first case and x ., > Xx_, , in the second case.
(i) 7(J) (i) 7(J)

According to lemma 1 there exists a big subset £ N so that 7, is

increasing and subsequence X, is monotonic. []

We call v(x)€R the value of number x € Q * -

Proof of theorem 3. Let us define mapping v:Q%*, —R. For any

x=x,e€Q*, we set V(x) equal to the limit of some big fundamental

fin
subsequence of x, . This limit is uniquely defined as follows from the theorem 2. It
is easy to see that v is epimorphism of QQ -algebras and kerv =1 is the ideal of

all infinitesimals in Q * All elements of compliment of / in Q= Jin AT

fin *
invertible. Thus, / is only maximal ideal in local ring Q * ; and Q*, /[ =R.0O
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u.u. arhenr3uns

UbLEUShY NRLSMUDPLSMNY <hMEMAUSPNLUL dYBrh UNDELP
vuuhu

Zhwbpnwghnuw pYtiph unwunwpun Yunnigwdpnud nyunpwwpuwnpjwiubph dp-
ongny npwbu hhduwlwu nywpwdhpnp punpynd b ubGyunpy nyunpwhinpp: “w htw-
pwynpnigintt £ wnwihu jnipupwtsnip (Ybpowynnp) hhwbpnwghntuw| pyht hwdwwwwnwu-
fuwubiguby hpwlwl wpdtip: Wuwhuny, hhwtipnwghnuw| pytiph nwawp Ywpnn tup nh-
wwnyb npwbu hpwlwu pYtph nwownp jwjuwgnud: Uwywgnigynid £ twl hhwybpnwghntw)
rhyp ubipyujwgunn fuhuin dnununnt Ywd unwghnuwp hwonpnwlwuniyejwu gnjnigjntup:

Unwtgpuyphti pwpbp. hhwbpnwghnuw) ehy, ubGywnhy nynpwbhpnp, ng unwu-
nwnw wuwihg, NLypWWpUOWRjW|:

A.A. TPUT'OPSHIL

O MOJEJIX THIIEPPALIMOHAJIBHBIX YHUCEJI C CEJIEKTUBHBIM
YIbTPAONJIBTPOM

B cranmapTHOW KOHCTPYKIMM TMHEPPAIIMOHAIBHBIX YHCEN, KaK yJIbTpalpou3Beie-
HUH, B KauecTBE OCHOBHOTO YIbTpa(HIbTpa BHIOMPAETCS CENEKTUBHBIN YIbTPa(HIBTP.
OTO MO3BOJISIET CONOCTaBUTh KaXJOMy (KOHEYHOMY) T'MIEppAIMOHAIBHOMY YHCIy Bellle-
CTBEHHOE 3HaueHne. Takum 00pa3oM, MOXKEM PACCMATPUBATH IOJIE THUIEPPAINOHATBHBIX
yycel KaK paclIMpeHHe Mois AeHCTBUTENbHBIX dncell. Takxke JOKa3bIBAacTCs CyIIECTBOBA-
HHUE CTPOro MOHOTOHHOH WJIM CTAaIMOHAPHOM MOCIIEN0BATEIbHOCTH, PECTaBILIIONIEH ThIep-
pannoHaIBHOE YHCIIO.

Knrouesvle cnosa: runeppanioHaIbHOE YNCIIO, CEJIEKTUBHBIM yIbTpaduiIbTp, He-
CTaHJAPTHBIN aHANN3, YIBTPAPOU3BEICHHE.

YAK 515.172.22

II.A. MATEBOCSH

JTOKA3ATEJBbCTBO OCHOBHOM TEOPEMBbBI OBF OIIEHKE
TEMJIOPOBCKHUX KO®PHUIIMEHTOB B TIPOCTPAHCTBE H? (a)
(T'ompu)

Hccnemytorest HEKOTOpbIe CBOWCTBA QyHKIMI BecoBoro mpocrpanctsa HP (o) — ro-
JOMOPGHBIX B SIMHUYHOM Kpyre QyHKIud. [loka3bIBaeTCsi OCHOBHAs Teopema 00 OICHKe
TEHIOPOBCKUX KOI(DDHUITHEHTOB STHX (PYHKIIHIA.

Kntoueswvle cno6a: IpoCTPaHCTBA aHATMTHYCCKUX (DYHKIMH, oLleHKa KOd(HIIeH-
TOB, CIMHUYHBIHA KPYT, TOJIOMOPQHBIC HYHKIUH.

ITycts D - eAMHUYHBIN KPYT KOMILIEKCHOM turockoctr. Kimaccom Xapau HP
(0 < p <) uasbiBatoT MHOKECTBO Bcex GyHKIMH f(z), TOMOMOPHHBIX B
eIMHNYHOM Kpyre D 1 Takux, 4To
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