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A comparative analysis of software implementations of the numerical-analytical
decomposition methods for determining complex one-parameter generalized inverse
Moore-Penrose matrices is presented in order to reveal their computational characteristics.
The numerical-analytical methods are based on previously developed analytical relations
based on the 4 Moore-Penrose conditions, and also use differential Pukhov transformations
as the main mathematical apparatus. Based on the mentioned computational methods, an
application software package has been developed using modern means of information tech-
nologies, in particular, the Python programming language, the math module, NumPy,
SymPy and PyQt libraries.

For each method the software implementations of numerical-analytical methods are
compared by the dependence of the execution time on the number of matrix discretes, by
the dependence of the execution time on the size of the input matrix, by the dependence of
the memory used on the number of matrix discretes, by the dependence of the memory used
on the size of the input matrix. It is shown that as the number of matrix discretes increases,
the accuracy of determining the generalized inverse matrix increases, but more computa-
tional resources are consumed, in particular, the execution time and memory used by each
method increases. In addition, the software implementation of numerical-analytical meth-
ods developed based on the 3rd and 4th Moore-Penrose conditions requires less time and a
smaller amount of memory than the software implementation of numerical-analytical meth-
ods developed based on the 1st and 2nd Moore-Penrose conditions.

Keywords: complex one-parameter generalized inverse Moore-Penrose matrix, dif-
ferential transformations, numerical-analytical methods, application software package,
computational characteristics.

Introduction. One-parameter matrices, their inverse and generalized inverse
matrices are quite often encountered in various scientific research and applied
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problems, in particular, when solving differential equations with variable
coefficients, in boundary value problems, when solving systems of functional
equations, when using stochastic matrices and Markov chains, in cases of studying
the behavior of dynamic systems, when solving various problems of control
systems, in cases of studying parametric problems of linear programming, etc.

In [1 - 4], analytical and numerical-analytical methods for determining complex
one-parameter generalized inverse matrices of Moore-Penrose are proposed and
implemented based on the 1st and 2nd Moore-Penrose conditions. In [5, 6],
analytical and numerical-analytical methods for determining complex one-
parameter generalized inverse matrices of Moore-Penrose are proposed and
implemented based on the 3rd Moore-Penrose condition, and in [7, 8], based on the
4th Moore-Penrose condition [9]:

A(t) - A* () - A) = A(D), (1)
AT()-AQ@) - AT (@) = AT (D), )
[A(t) - A* (D] = A(t) - A* (1), (3)
[A*(t) - A@®)]" = AT (1) - A(D). 4)

In the mentioned numerical-analytical methods, the differential transformations
of Acad. NAS of Ukraine, Doctor of Technical Sciences, Professor G.E. Pukhov
serve as the main mathematical apparatus [10].

Based on these methods [11] and using modern information technology tools,
the application software package was developed which is presented in [12]. The
software package is implemented in the Windows operating system using the
Python programming language. The math module is used to perform mathematical
operations. The NumPy library is used to work with numerical matrices, and the
SymPy library is used for symbolic calculations. The graphical user interface of the
package is created using the PyQt library.

This paper presents a comparative analysis of the numerical-analytical methods
of the developed application software package with the aim of revealing their
computational characteristics. The presented graphs are obtained on matrices such
as:

1+ Jjt ]
A(t) = . N
() —jt (1= jt)
4,(0) = t—1+j(t?+1) t2 -5t +j(3t —2)].
2 jt t+1+5j —2tj ’
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As(H)=|j t+j -t
1/t j/t t—j
etc.

Dependence of the execution time on the number of matrix discretes. Con-
sider the dependence of the execution time of the numerical-analytical methods of
the Moore-Penrose conditions (1) — (4) on the number of matrix discretes (Fig. 1),
for values K = 3,10 and averaged over the input matrix sizes (2 X 2; 2 X 3; etc).
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Fig. 1. Dependence of the execution time on the number of matrix discretes

The graph shows that as the parameter K takes on large values, the execution
time increases, which is expected since more iterations are performed. In addition,
the execution time of the numerical-analytical methods for Moore-Penrose
conditions (3) and (4) is less compared to the execution time of the numerical-
analytical methods for Moore-Penrose conditions (1) and (2) (which should have
been the case).

Dependence of the execution time on the input matrix size. Consider the

dependence of the execution time of the numerical-analytical methods of the
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Moore-Penrose conditions (1) — (4) on the input matrix size (Fig. 2), averaged over
the increase in the number of matrix discretes K (3,4, ..., 10).
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Fig. 2. Dependence of the execution time on the input matrix size

The graph shows that in the case of overdetermined matrices (when m > n), a
longer execution time is required compared to the corresponding underdetermined
matrices, since from a programming perspective, working with a large number of
row vectors requires more time than working with a small number of row vectors.

On the other hand, the execution time of the numerical-analytical methods of
the Moore-Penrose conditions (3) and (4) is less than the execution time of the
numerical-analytical methods of the Moore-Penrose conditions (1) and (2).

Dependence of the used memory on the number of matrix discretes. Consider
the dependence of the memory used by the numerical-analytical methods of the
Moore-Penrose conditions (1) — (4) on the number of matrix discretes (Fig. 3), for
values K = 3,10 and averaged over the input matrix sizes (2 x 2; 2 x 3; etc).
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Fig. 3. Dependence of the used memory on the number of matrix discretes

As parameter K increases, the amount of memory used also increases
approximately linearly, since the K matrix discretes are created during calculations.

It is obvious that the numerical-analytical methods of Moore-Penrose conditions
(3) and (4) use less memory compared to the numerical-analytical methods of
Moore-Penrose conditions (1) and (2).

Dependence of the used memory on the input matrix size. Consider the
dependence of the memory used by the numerical-analytical methods of the
Moore-Penrose conditions (1) — (4) on the input matrix size (Fig. 4), averaged over
the increase in the number of matrix discretes K (3,4, ..., 10).

The graph shows that in the case of overdetermined matrices (when m > n), a
larger amount of memory is used compared to the corresponding underdetermined
matrices, since from a programming perspective, working with a large number of
row vectors requires more memory than working with a small number of row
vectors.
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Fig. 4. Dependence of the used memory on the input matrix size

In this case too, the memory used by the numerical-analytical methods of the
Moore-Penrose conditions (3) and (4) is less than the memory used by the
numerical-analytical methods of the Moore-Penrose conditions (1) and (2).

Conclusion. This paper presents a comparative analysis of software
implementations of the numerical-analytical decomposition methods for
determining complex one-parameter generalized inverse Moore-Penrose matrices
in terms of execution time and memory usage. It is shown that software
implementations of the numerical-analytical methods of the Moore-Penrose
conditions (3) and (4) require fewer computational resources than the numerical-
analytic methods of the Moore-Penrose conditions (1) and (2).
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UNke-msLrNNkb YNUMLELU UbPUMUrUUBSMULUL CLAKULMUSYUD
<uyurura vusrpsuerh NrNSUUL sunNUMN2bShNL UkMBNYLENP
<UUGUUSULUL Jd6rLNhONRE-3NRLL

U.<. Uhdnuywt, £.U. Upqupjut, U.Q. hwswunpjut

Ubpywjwgyws £ Unip-Mbupnnigh Yndwybpu  dhwwwpwdbnpwywu  punhwu-
pwgwd hwlwnwpd  dwwnphgubph  npnpdwtu  nbyndwynghghnt  pyw-wuwihwnhy
nwuwlubph Spwgpwiht ppwlwuwgnwiubph hwdbdwwnwlwu Jbppnidnieiniup’ npuwiug
hwoynnulwu puniypwgnpbiph pwgwhwjndwu twywwwyny: (Fw-wuwhwnhly dbpnnubpp
hwiwwwwnwufuwund U twfuwwbu dowyjws L Unip-MNbupnnigh 4 wwydwuubppt'
hhdujws wuwhwhy hwpwpbpwygnieniutph ypw, htuswybu twb ogunwgnpdnwd Gu
Mniundh nhdbpbughw| duwihnfunygniuubipp’ npwbu  hhduwlwu  dwebdwwnhlwlwu
wwwpww: LoJwd hwoynnwywu Gnwuwlyubph hpdwu Jpw dowyyb £ Yhpwnwlwu
Spwgpwiht thwpebp' wbntluwndwlwu wbfuuninghwubph dwdwuwlwyhg dhengubipny,
dwutwynpwwbiu' dpwgpwynpdwu Python |tqyny, math dnnnynd, NumPy, SymPy L PyQt
gpwnwpwuubipny:

Snipwpwugniph dbpennh pw-wuwhwnhy Gnwuwlyubph dpwgpwiht hpwlwuw-
gnuubipp hwdbdwwndby Bu pun ppugnpdiwu dwdwuwyh Yujujwsdnipjwu' Jwunphgwjhu
nhuypbwnubph pwuwlyhg, pun hpwgnpddwtu dwdwuwyh Ywiudwdnipiwu' dnunpwihu
dwwiphgh swihbphg, pun oguwgnpdwsd hponnnipjwt Ywiudwdnipywt' dwuinphgwihu
nhulypbwnubph pwuwlhg, pun oguwgnpdywsd hhonnnpjwu Ywiudwsdnigjwt' dnunpwjhu
dwwiphgh gwihtiphg: Snyg £ wpyby, np dwwphgwiht' nhuyptinubph pwuwlh wéhu
gnigpupwg wénw £ punhwupwgywd hwlywnwpd dwwnphgh npnadwt Goninuegniup,
uwlwju Swiuuynd Bu wybh 2wwn hwoynnulwt nbunipuubp, Jwutwynpuwbu' wénd Gu
dtipnnutiphg jnipwpwugniph hpwgnpddwtu dwdwuwlyp b oguwgnpdwd hhonnnip)niup:
Pwgh wyn, Unip-Mbupnnigh 3-pn b 4-pn wwydwuubph hhdwu Jpw dowyjwsd pyw-
wuwihwhly Gnwuwyubph dpwgpwihtu hpwgnpddwu hwdwp wwhwueynid Gu wykih phs
dwdwuwy b wybh thnpp dwywing hhonnnipyniu, pwu Unip-Nbupnnigh 1-hu b 2-pn
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wwjdwuubiph  hhdwu  Jpw  dowyyws pw-wuwhnply Bnwuwyubph  Spwgpwiht
hpwagnpddwu hwdwp:

Unwugpuypti  pwn&p.  Unip-Mbupnnigh Yndylbpu  dhwwwpwdbnpwywu
punhwupwgywé hwlwnwnpd dwwnphg, nhbtptughw) duwihnfunyeniuubn,  pYw-
wuwihwhy nwuwyubp, Yhpwnwlwu dpwapwiht hwpebp, hwoynnulwu puniypwagntn:

CPABHUTEJIBHBIN AHAJIN3 JEKOMIO3UIIMOHHBIX METOJOB
OIIPEJEJIEHUSA KOMIIVIEKCHBIX OJHOITAPAMETPUYECKHUX
OBOBIHIEHHBIX OBPATHBIX MATPUIl MYPA-IIEHPOY3A

C.O. Cumonsn, O.C. Adrapsu, M.I'. XauaTpsn

IIpencraBineH CpaBHUTENbHBIA aHAIU3 IPOrPAMMHBIX pealu3aluil YHUCIECHHO-
AQHATMTHYECKHUX JIEKOMITO3MIMOHHBIX METOJIOB ONPENIEICHHs KOMIUICKCHBIX OJHOMapaMeT-
pudeckux 0000mEeHHBIX 00paTHBIX MaTpull Mypa-IleHpoy3a ¢ 11eJ1bi0 BBISBICHUS HX BbI-
YHCIUTENBHBIX XaPaKTEPUCTHK. UMCIEHHO-aHAJIMTHYECKHE METOAbl OCHOBAaHBI HA paHee
pa3paboTaHHBIX aHAJUTHYECKUX COOTHOLICHMSAX, OCHOBAaHHBIX Ha 4-ex ycioBmsax Mypa-
[Tenpoy3a, a Taxke HCIONB3YIOT AU depeHnnanbHbIe npeodpasoBanns I1yxoBa B kauecTse
OCHOBHOT'O MaTeMaTH4ecKoro anmnapara. Ha ocHOBe yKka3aHHBIX BBIYHUCIUTEIBHBIX METOIOB
pa3paboTaH MPUKIATHOW MPOTPAMMHBIN ITAKeT C HCIIOJIb30BAHHEM COBPEMEHHBIX CPEICTB
UH(POPMAHOHHBIX TEXHOJIOTHH, B YaCTHOCTH, SI3bIKa MporpaMMupoBanus Python, momyss
math, 6ubimorex NumPy, SymPy u PyQt.

Jlig KaXmoro MeroJia MpOrpaMMHBIE peann3aliil YUCICHHO-aHAJTUTHIECKUX METO-
JIOB CPaBHUBAINCH 110 3aBUCHMOCTSIM BPEMEHH BBIMOJHEHUSI OT KOJIMYECTBA MATPUYHBIX
JUCKPETOB, BPEMEHH BBINTOJHEHUS OT pa3Mepa BXOJHOW MaTPHIIbI, UCIIOJIB3YEeMOM MaMsITH
OT KOJIMYECTBA MaTPUYHBIX JHCKPETOB, HCIOIb3YEMOH MaMsATH OT pa3Mepa BXOJHOW MaT-
punbl. ITokasaHo, 4TO ¢ yBeIMYEHHEM UYHCIIA MATPHYHBIX TUCKPETOB TOYHOCTH OIpenaese-
HUS 0000IICHHON 00paTHOW MaTpHUIBI BO3PACTaeT, HO IIPU 3TOM MOTPEOIAIOTCSA OONbIIHe
BBIYUCIIUTENIFHBIE PECYPChl, B YACTHOCTH, YBEIWYHMBAIOTCA BPEMs BBINOJHEHUS U 00BEM
MaMsTH, UCTIONB3yeMON KakIbIM MeToJoM. Kpome Toro, mporpaMMHasi pealu3anusi 4nc-
JICHHO-aHAJINTHYECKUX METOJIOB, Pa3pabOTaHHBIX Ha OCHOBE 3-T0 M 4-To ycioBuit Mypa-
[lenpoysa, TpeOyeT MeHbIle BPEMEHH M MEHBIIET0 oObeMa HaMATH, YeM IpOTpaMMHast
peanu3anysg YUCICHHO-aHATUTHYECKHX METOJ0B, pa3paboTaHHBIX Ha OCHOBE l-ro M 2-ro
ycnosuii Mypa-Ilenpoysa.

Knrwouesvie cnosa: KOMIUIEKCHasl OJHOIIapaMeTpudeckass o0oOmieHHas oOparHas

Matpuna  Mypa-Ileapoy3a,  muddepeHmanTbHbIe  TPEeoOpa3oBaHUs,  YUCICHHO-
AHATUTHYCCKIE METOJIBI, IPHUKIIAJHON MPOTPaMMHBII MAaKeT, BRIYACIUTEIBHBIC XapaKTepH-

CTHKHU.
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