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A comparative analysis of software implementations of the numerical-analytical 

decomposition methods for determining complex one-parameter generalized inverse 

Moore-Penrose matrices is presented in order to reveal their computational characteristics. 

The numerical-analytical methods are based on previously developed analytical relations 

based on the 4 Moore-Penrose conditions, and also use differential Pukhov transformations 

as the main mathematical apparatus. Based on the mentioned computational methods, an 

application software package has been developed using modern means of information tech-

nologies, in particular, the Python programming language, the math module, NumPy, 

SymPy and PyQt libraries. 

For each method the software implementations of numerical-analytical methods are 

compared by the dependence of the execution time on the number of matrix discretes, by 

the dependence of the execution time on the size of the input matrix, by the dependence of 

the memory used on the number of matrix discretes, by the dependence of the memory used 

on the size of the input matrix. It is shown that as the number of matrix discretes increases, 

the accuracy of determining the generalized inverse matrix increases, but more computa-

tional resources are consumed, in particular, the execution time and memory used by each 

method increases. In addition, the software implementation of numerical-analytical meth-

ods developed based on the 3rd and 4th Moore-Penrose conditions requires less time and a 

smaller amount of memory than the software implementation of numerical-analytical meth-

ods developed based on the 1st and 2nd Moore-Penrose conditions. 

Keywords:  complex one-parameter generalized inverse Moore-Penrose matrix, dif-

ferential transformations, numerical-analytical methods, application software package, 

computational characteristics.

Introduction. One-parameter matrices, their inverse and generalized inverse 

matrices are quite often encountered in various scientific research and applied 
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problems, in particular, when solving differential equations with variable 

coefficients, in boundary value problems, when solving systems of functional 

equations, when using stochastic matrices and Markov chains, in cases of studying 

the behavior of dynamic systems, when solving various problems of control 

systems, in cases of studying parametric problems of linear programming, etc.

In [1 - 4], analytical and numerical-analytical methods for determining complex 

one-parameter generalized inverse matrices of Moore-Penrose are proposed and 

implemented based on the 1st and 2nd Moore-Penrose conditions. In [5, 6], 

analytical and numerical-analytical methods for determining complex one-

parameter generalized inverse matrices of Moore-Penrose are proposed and 

implemented based on the 3rd Moore-Penrose condition, and in [7, 8], based on the 

4th Moore-Penrose condition [9]: 

𝐴(𝑡) ∙ 𝐴+(𝑡) ∙ 𝐴(𝑡) = 𝐴(𝑡), (1) 

𝐴+(𝑡) ∙ 𝐴(𝑡) ∙ 𝐴+(𝑡) = 𝐴+(𝑡), (2) 

[𝐴(𝑡) ∙ 𝐴+(𝑡)]∗ = 𝐴(𝑡) ∙ 𝐴+(𝑡), (3) 

[𝐴+(𝑡) ∙ 𝐴(𝑡)]∗ = 𝐴+(𝑡) ∙ 𝐴(𝑡). (4) 

In the mentioned numerical-analytical methods, the differential transformations 

of Acad. NAS of Ukraine, Doctor of Technical Sciences, Professor G.E. Pukhov 

serve as the main mathematical apparatus [10]. 

Based on these methods [11] and using modern information technology tools, 

the application software package was developed which is presented in [12]. The 

software package is implemented in the Windows operating system using the 

Python programming language. The math module is used to perform mathematical 

operations. The NumPy library is used to work with numerical matrices, and the 

SymPy library is used for symbolic calculations. The graphical user interface of the 

package is created using the PyQt library. 

This paper presents a comparative analysis of the numerical-analytical methods 

of the developed application software package with the aim of revealing their 

computational characteristics. The presented graphs are obtained on matrices such 

as: 

𝐴1(𝑡) = [
(1 + 𝑗𝑡) 𝑗𝑡

−𝑗𝑡 (1 − 𝑗𝑡)
] ; 

𝐴2(𝑡) = [
𝑡 − 1 + 𝑗(𝑡2 + 1) 𝑡2 −5𝑡 + 𝑗(3𝑡 − 2)

𝑗𝑡 𝑡 + 1 + 5𝑗 −2𝑡𝑗
] ;
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𝐴3(𝑡) = [
𝑡 𝑗𝑡 𝑡2

𝑗 𝑡 + 𝑗 −𝑡

1 𝑡⁄ 𝑗 𝑡⁄ 𝑡 − 𝑗
]

etc. 

Dependence of the execution time on the number of matrix discretes. Con-

sider the dependence of the execution time of the numerical-analytical methods of 

the Moore-Penrose conditions (1) – (4) on the number of matrix discretes (Fig. 1), 

for values 𝐾 = 3,10̅̅ ̅̅ ̅̅  and averaged over the input matrix sizes (2 × 2;  2 × 3; etc). 

 
Fig. 1. Dependence of the execution time on the number of matrix discretes 

The graph shows that as the parameter 𝐾 takes on large values, the execution 

time increases, which is expected since more iterations are performed. In addition, 

the execution time of the numerical-analytical methods for Moore-Penrose 

conditions (3) and (4) is less compared to the execution time of the numerical-

analytical methods for Moore-Penrose conditions (1) and (2) (which should have 

been the case). 

Dependence of the execution time on the input matrix size. Consider the 

dependence of the execution time of the numerical-analytical methods of the 
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Moore-Penrose conditions (1) – (4) on the input matrix size (Fig. 2), averaged over 

the increase in the number of matrix discretes 𝐾 (3, 4, … , 10).

 
Fig. 2. Dependence of the execution time on the input matrix size

The graph shows that in the case of overdetermined matrices (when 𝑚 > 𝑛), a 

longer execution time is required compared to the corresponding underdetermined 

matrices, since from a programming perspective, working with a large number of 

row vectors requires more time than working with a small number of row vectors. 

On the other hand, the execution time of the numerical-analytical methods of 

the Moore-Penrose conditions (3) and (4) is less than the execution time of the 

numerical-analytical methods of the Moore-Penrose conditions (1) and (2). 

Dependence of the used memory on the number of matrix discretes. Consider 

the dependence of the memory used by the numerical-analytical methods of the 

Moore-Penrose conditions (1) – (4) on the number of matrix discretes (Fig. 3), for 

values 𝐾 = 3,10̅̅ ̅̅ ̅̅  and averaged over the input matrix sizes (2 × 2;  2 × 3; etc). 
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Fig. 3. Dependence of the used memory on the number of matrix discretes

As parameter 𝐾  increases, the amount of memory used also increases 

approximately linearly, since the 𝐾 matrix discretes are created during calculations. 

It is obvious that the numerical-analytical methods of Moore-Penrose conditions 

(3) and (4) use less memory compared to the numerical-analytical methods of 

Moore-Penrose conditions (1) and (2). 

Dependence of the used memory on the input matrix size. Consider the 

dependence of the memory used by the numerical-analytical methods of the 

Moore-Penrose conditions (1) – (4) on the input matrix size (Fig. 4), averaged over 

the increase in the number of matrix discretes 𝐾 (3, 4, … , 10). 

The graph shows that in the case of overdetermined matrices (when 𝑚 > 𝑛), a 

larger amount of memory is used compared to the corresponding underdetermined 

matrices, since from a programming perspective, working with a large number of 

row vectors requires more memory than working with a small number of row 

vectors. 
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Fig. 4. Dependence of the used memory on the input matrix size

In this case too, the memory used by the numerical-analytical methods of the 

Moore-Penrose conditions (3) and (4) is less than the memory used by the 

numerical-analytical methods of the Moore-Penrose conditions (1) and (2). 

Conclusion. This paper presents a comparative analysis of software 

implementations of the numerical-analytical decomposition methods for 

determining complex one-parameter generalized inverse Moore-Penrose matrices 

in terms of execution time and memory usage. It is shown that software 

implementations of the numerical-analytical methods of the Moore-Penrose 

conditions (3) and (4) require fewer computational resources than the numerical-

analytic methods of the Moore-Penrose conditions (1) and (2). 
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СРАВНИТЕЛЬНЫЙ АНАЛИЗ ДЕКОМПОЗИЦИОННЫХ МЕТОДОВ 

ОПРЕДЕЛЕНИЯ КОМПЛЕКСНЫХ ОДНОПАРАМЕТРИЧЕСКИХ 

ОБОБЩЕННЫХ ОБРАТНЫХ МАТРИЦ МУРА-ПЕНРОУЗА 

С.О. Симонян, О.С. Абгарян, М.Г. Хачатрян 

Представлен сравнительный анализ программных реализаций численно-

аналитических декомпозиционных методов определения комплексных однопарамет-

рических обобщенных обратных матриц Мура-Пенроуза с целью выявления их вы-

числительных характеристик. Численно-аналитические методы основаны на ранее 

разработанных аналитических соотношениях, основанных на 4-ех условиях Мура-

Пенроуза, а также используют дифференциальные преобразования Пухова в качестве 

основного математического аппарата. На основе указанных вычислительных методов 

разработан прикладной программный пакет с использованием современных средств 

информационных технологий, в частности, языка программирования Python, модуля 

math, библиотек NumPy, SymPy и PyQt. 

Для каждого метода программные реализации численно-аналитических мето-

дов сравнивались по зависимостям времени выполнения от количества матричных 

дискретов, времени выполнения от размера входной матрицы, используемой памяти 

от количества матричных дискретов, используемой памяти от размера входной мат-

рицы. Показано, что с увеличением числа матричных дискретов точность определе-

ния обобщенной обратной матрицы возрастает, но при этом потребляются большие 

вычислительные ресурсы, в частности, увеличиваются время выполнения и объем 

памяти, используемой каждым методом. Кроме того, программная реализация чис-

ленно-аналитических методов, разработанных на основе 3-го и 4-го условий Мура-

Пенроуза, требует меньше времени и меньшего объема памяти, чем программная 

реализация численно-аналитических методов, разработанных на основе 1-го и 2-го 

условий Мура-Пенроуза. 

Ключевые слова: комплексная однопараметрическая обобщенная обратная 

матрица Мура-Пенроуза, дифференциальные преобразования, численно-

аналитические методы, прикладной программный пакет, вычислительные характери-

стики.  


