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Aerial manipulators draw increasing attention due to their ability to achieve both
aerial mobility and physical interaction with the world. With these capabilities, they offer
solutions for tasks in hard-to-reach environments and are employed in various fields, in-
cluding military applications, infrastructure inspection, construction and transportation.
However, controlling these systems presents a lot of challenges due to their highly nonline-
ar, coupled, and time-varying dynamics. The existing nonlinear control methods, such as
feedback linearization, require a perfectly known and continually updated dynamic model,
which is computationally expensive and not always feasible for fast, real-world applica-
tions. This paper introduces a novel application of approximate inverse dynamics lineariza-
tion to a quadrotor unmanned aerial vehicle (UAV) equipped with a 2 degree-of-freedom
(DOF) robotic manipulator designed for grasping and manipulating different payloads. Our
approach uses offline-computed, fixed nominal dynamics for the model linearization, treat-
ing the residual nonlinearities and inaccuracies as bounded structured uncertainties. This
formulation simplifies the control problem, allowing for the design of robust controllers
that can guarantee the stability and performance despite the dynamic changes of the system.
Through numerical simulations, we demonstrate that this method achieves accurate trajec-
tory tracking and effectively captures the influence of the manipulator motion on the system
dynamics within the structured uncertainty. A key finding is the significant reduction in
computational load, with approximate method being, on average, 50 times faster than
online calculation of the full dynamics, proving its viability for real-time control applica-
tions.

Keywords: unmanned aerial vehicle, robot-manipulation, approximate inverse dy-
namics, linearization.

Introduction. The dynamics of an aerial manipulator combines the complex
dynamics of the UAV with the robot-manipulators and represents a highly nonline-
ar and coupled nature. Such nonlinearities, variable parameters, and coupling ef-
fects make it inherently difficult to design a controller that will guarantee the sta-
bility and robustness to external disturbances. One of the key components in con-
trolling such a system is to linearize the dynamics. Researchers have used various
linearization techniques to achieve precise trajectory tracking and robust stability in
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the presence of uncertainties and disturbances. In this section we review the recent
literature, highlight their linearization methods and discuss the challenges and op-
portunities associated with each approach.

A common approach, particularly in early research or systems with limited
computational power, is to linearize only the portion of the system dynamics, most
often the UAV’s altitude and position. This simplifies the control design but may
neglect the dynamic effects of the manipulator.

In [1], an aerial gripper system is described using a custom-built quadrotor.
The quadrotor’s attitude is controlled using a PID controller based on the linearized
dynamic model. They have linearized the rotational dynamics about the hover point
using small angle approximations. This method is favoured for empirical tuning
and demonstrates a pragmatic approach to linearization. Similarly, [2, 3] investi-
gate stability control in aerial manipulation, where they develop control schemes to
compensate for inertial changes. Their approach implies the use of an underlying,
possibly simplified or linearized, model of the quadrotor’s dynamics, which is then
augmented with a mechanism to handle the manipulator’s effect.

Adaptive control methods do not necessarily linearize the system’s equations
directly but are designed to make the closed-loop system behave like a desired lin-
ear reference model. They are particularly effective when the system parameters
are unknown or change over time.

[4] proposes a Lyapunov-based MRAC scheme to achieve dynamic stability
for an aerial vehicle with dual manipulators. The core idea is to design a controller
that forces the nonlinear system to follow a stable, linear reference model. This
method effectively “linearizes” the system’s behavior without requiring perfect
knowledge of its complex dynamics, as the controller adapts to unknown parame-
ters. [5] uses a similar adaptive approach to control a UAV with varying payload,
where adaptive laws are developed to handle full parametric uncertainties and
make the system’s behavior track the desired linear trajectory. [6] introduces an
adaptive incremental nonlinear dynamic inversion (INDI) control scheme for aerial
manipulators. INDI is a linearization-by-inversion technique that relies on real-time
measurements to linearize the system dynamics incrementally, making it robust to
model uncertainties. The adaptive part of their controller handles changes in inertia
parameters caused by manipulator movements without needing explicit knowledge
of the manipulator’s dynamics. This approach linearizes the system’s behavior by
inverting its instantaneous dynamics based on measurements, thus avoiding the
need for a perfect full-system model.

A number of papers apply feedback linearization to the combined UAV-
manipulator system. [7] presents a detailed modeling and control approach for a
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quadrotor with a manipulator, using a feedback linearization controller to manage
the system. [8] also discusses the formulation of dynamics for aerial manipulators
and the application of nonlinear control, with feedback linearization being a natural
candidate for such a system. [9] explicitly mentions the use of a control algorithm
based on the feedback linearization method and a PD regulator for a multi-rotor
UAV equipped with a robotic manipulator, with a focus on compensating for
changes in the inertia tensor and center of mass.

[10] applies feedback linearization to the nonlinear dynamics of the full aeri-
al manipulator system. The paper models the dynamic coupling from the manipula-
tor as a disturbance and then designs a robust H,, controller with a disturbance es-
timator to compensate for it. Similarly, [11] proposes a multi-stage model predic-
tive control that includes a disturbance observer to handle the effects of model un-
certainties and external disturbances on the full nonlinear system.

Those methods, while useful, have a complication as the need of having a
perfectly known dynamic model, which should be changing according to the sys-
tem configuration changes. This assumption is rarely true for real-word aerial ma-
nipulators. The coupled dynamics are complex, and mainly the ineartia matrix
changes constantly as the manipulator moves or grasps an object. The real-time
onboard computational load of the constantly changing full-system inverse dynam-
ics is also a problem for such an agile system.

In this paper, we use the approximate inverse dynamics linearization ap-
proach, which, instead of assuming a perfect model, uses some nominal or estimat-
ed model for the linearization, treating the residual nonlinearities as bounded struc-
tured uncertainty. The concept of approximate inverse dynamics has been used to
control robot-manipulators by [12-14]. In [13], the authors discuss the theoretical
foundation of inverse dynamics and acknowledge the fact that in practice often the
compensation can be imperfect, both for model uncertainty and for the approxima-
tions made in online computation of inverse dynamics, and introduce an additional
term to an inverse dynamics controller which provides robustness to the control
system by counteracting the effects of the approximations. This idea is further ex-
plored in [14], in which the authors apply the factorization approach to plant and
controller models to characterize robustly stabilizing controllers for manipulators
under approximate inverse dynamics control.

To the best of our knowledge, this is the first work to apply the approximate
inverse dynamics linearization to the robust control of an aerial manipulator sys-
tems. In this paper, we provide a detailed analysis of this control method and appli-
cation.
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System modeling. This section describes the system model of the aerial ma-
nipulator system, which consists of a quadrotor UAV equipped with a 2-DOF ro-
botic arm mounted on its underside. The modeling approach captures the coupled
dynamics between the UAV and the manipulator using a unified formulation.

The UAV is modeled as a 6-DOF rigid body: with 3 translational coordi-
nates and 3 rotational angles. The manipulato r consists of two revolute joints that
operate in the vertical plane beneath the UAV. The base of the manipulator is as-
sumed to be rigidly fixed to the downside of the UAV and the base frame of the
manipulator is aligned with the UAV's body-fixed frame.

The combined configuration of the system is described by the controlled
generalized coordinate vector:

q=1[2,¢01e,8]", 1)
where z is the UAV’s height in the inertial coordinates, Q = [¢,8,1] T denotes the
UAV’s Euler angles, and Y = [g;,&,]" are the joint variables of the robotic arm.
The UAV’s x, y coordinates are controlled separately using the Q vector.

The resulting equations of motion take the standard form [15, 16]:

M(q)4 +C(q,9)q + G(q) =T+ 1p, )
where M(q) is R®¥® symmetric, positive-definite inertia matrix, C(q,q) contains
Coriolis and centrifugal terms, G(q) is the gravity vector. The control impute 7 =
= [Ts, Ttyav, rj]T consists of quadrotor force and torques and manipulator joint tor-
ques:

T = [Ty, Tg, Tg, Ty Tj1, Tjz2) - (3)

Ty is the total quadrotor thrust at hover (Ty = Y7_; T;), where each i th rotor
generates a thrust T; which is proportional to the square of angular velocity of ro-
tors 2; (i.e. T; = cp2?, cp > 0) and acts along the body-fixed axis zz [17]. The
T, Tg, Ty are the quadrotor torques and tj4, 7;, are the torques of each joint of the
manipulator. The thrust to torque mapping for the quadrotor can be expressed using
the 4-dimensional vector of thrusts T;, (Tyay = [Ty, T, T3, T4]"), and the quadrotor
configuration matrix By 4y

[Z}: ] = BUAVTUAV- 4)
UAV

Given the needed controls Ty and 7, the equation (4) allows computing the
required thrusts T; (or, which is equivalent, the velocities £2;) of rotors. The sys-
tem’s torque to input mapping can be described as:

T= BSYSTSYSv (5)

98



where Tgy is the combined vector of the quadrotor motors thrusts and the manipu-
lator joint torques. By for the X configuration quadrotor with 2-DOF robotic arm
will have the form:

! 1 1 1 0 0
V2L/2  N2L/2 —V2Lj2 —J2Lj2 0 0

Bgys = —\/iL/Z \/iL/Z \/Ei/z —\/EL/Z g g, (6)
Ky ¥ —ky ¥
0 0 0 0 10
0 0 0 0 0 1.

where L is the length of the quadrotor arms, and ky, (ky > 0) is the drag coeffi-
cient [18]. Looking at the determinant of the given matrix: det(Bsys) = 8L2k¢, it
is obvious that it can be inverted for any given L and k.

Approximate inverse dynamics linearization. The reason behind applying
the inverse dynamics linearization to the aerial manipulator system is to simplify a
complex nonlinear dynamic model into a more tractable linear one. The lineariza-
tion makes it much easier to investigate the system’s response and design effective
controllers, as the resulting system behaves like a set of decoupled double integra-
tors [13]. In classical robotics, inverse dynamics linearization is achieved by using
the full dynamic model of the system to cancel out the nonlinear terms and get a
linear relationship between input and output.

The equation (2) is linear in control 7, and has full-rank M(q), which can be
inverted for any valid configuration. For simplicity in the notation, we set:

N(q,4) = C(q,9)q + G(q) — 7p, ()
taking the control t as a function of the manipulator state in the form:
= M(q)y+N(q,9), (8)
leads to the system described by:
g=y, (9)
where y represents a virtual input vector:
Y = Kp(qaes — 4) + Kp(qaes — @) + 1, (10)

where r is the reference component [15].

However, this method requires a real-time knowledge of the changing inertia
matrix, Coriolis, and gravitational terms, is computationally expensive and highly
state-dependent, especially for aerial manipulators with fast-varying configura-
tions. To avoid computing the true inertia matrix terms online, we propose to use
an offline computed fixed nominal model (M, N) in the inverse dynamics control-
ler:

= M(q)y +N(q,q). (11)

99



Fig. 1 shows the block diagram of the UAV-manipulator system with appli-
cation of the approximate inverse dynamics control. For stabilization purposes a
Proportional-Derivative (PD) controller is used. By applying control law (10) to
our system (8) we get:

§=MYMy+N-—N). (12)
The resulting expression can be written as follows:
jg=y+(M*M—-1)y+MN, (13)
N(q,9) =N(g,9) — N(q, 9. (14)
9des |\
G'des ::_% l[: Kp +
" ¥ ! Mnom(a) I::>+®£>Bsys’1£{> Mafﬂeprl.ll?;tor é:> diag £>d'iag %D
Gdes [ 8 [ K o Dynamics {1/s} {1/s}
P
. e Linear Control
Npom(d,9") <
<
Nonlinear Compensation & Decoupling

Fig. 1. The block diagram of the UAV-manipulator system

Thus, we simplified and separated the nonlinear equation into the linear
plant and structured uncertainty term § which shows the deviation between the
nominal model and the actual dynamics:

g=y+6, (15)

where § combines both additive and multiplicative uncertainties:
Ng=M7N, (16)
Ap=MTM—1. (17)

Fig. 2 shows the resulting interconnections of double integrator plant and the
structured multiplicative and additive uncertainties.
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Fig. 2. The resulting block diagram after inverse dynamics linearization

Simulation results. For the validation of the proposed approximate inverse
dynamics linearization method, numerical simulations were implemented using the
MATLAB software. The main objective of the experiment is to ensure in the effec-
tiveness of the approximate linearization approach, and evaluate the influence of
the structured uncertainty terms, and demonstrate the performance of the robust PD
controllers under varying conditions of the system.

In the first simulation we investigated the accuracy of the approximate in-
verse dynmics model. For that purpose, the UAV was commanded to follow some
reference trajectory, while the manipulator was actuated through a predefined joint
path. The approximate model, which uses the offline-computed nominal inertia
matrix, was compared against the full nonlinear dynamics with exact inertia up-
dates.

The simulation scenario involved the UAV tracking a pre-defined square tra-
jectory while manipulator joints executed sinosoidal motions. The simulation re-
sults depicted in Fig. 3, show that the approximate inverse dynamics provides suf-
ficiently accurate tracking, with only small deviations from the exact model. These
results confirm that the approximate approach captures the essential behavior of the
system while avoiding the computational burden of online inertia updates.

In the second simulation, the influence of the uncertainty was analyzed. Fig.
4 illustrates the influence of the structured uncertainty term on each of the system’s
generalized coordinates. The results demonstrate that the manipulator motion in-
troduces measurable variations in the inertia matrix, which are effectively captured
within the structured uncertainty formulation, enabling the application of robust
control methods with bounding those uncertainties.

The final simulation was conducted for the timing analysis. Other methods
require the online calculation of the state-varying matrices M(q), C(q, ¢) and G(q).
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As these matrices are generated from complex symbolic derivations, their evalua-
tion is computationally intensive. A timing analysis was performed within the sim-
ulation loop to quantify this difference.

The average time for a single evaluation of the full dynamic matrices was
measured and compared to the approximate linearization dynamics computation,
representing approximately 50 times increase in computational speed. This reduc-
tion in computational load makes the proposed approximate linearization scheme
not only theoretically but also practically viable for real-time control applications
for agile tasks.

UAYV 3D Trajectory Comparison

Nonlinear
Linearized
= = = +Desired

0.4

0 © X(m)

Fig. 3. Trajectory comparison between the exact nonlinear model and the linearized model
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Conclusion. The paper introduces the application of the approximate inverse
dynamics linearization to the aerial manipulator system. The simulation results val-
idate the effectiveness of the approximate inverse dynamics linearization approach
for aerial manipulator system. We demonstrate that the proposed method not only
achieves accurate trajectory tracking but also provides a structure to model and
handle the uncertainties of the system. The timing analysis confirms that our ap-
proach offers an advantage over methods that require continuous online computa-
tion of the full dynamic model.

The research was supported by the Higher Education and Science Commit-
tee of MESCS RA (Research project N° 10-4/24AA-2B048).
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OMU3bhL UULPMNRL3USNN CUUUWHUMGh CULUAUMrR HhLUUDbLUUSP
unsudnr qousuvusnrut

S.UW. Uphdnuywt

Onwjhtu  dwuhwniwwnpubipp dGd npwnpnipinitu Gu gpwynd huswbu  onnud
dwulpbn, wjuwbu £ wpunwpht  woluwphh hGwn  $phghlwlwu  thnfuwagnbgnieniu
wuwwhnybnt gunphpy: Wu hwwnyngyniuubiph punphhy’ nputip wnwewpynd Bu nddwp
hwuwubh  dhowdwyptipnd  fuunhpubiph wpryniuwdbn - jndnwdubp b Yhpwnynd  Gu
nwppbp ninpunubpnd’ ubpwnyw| nwgqiwlwt wnwewnpwupubpp, Bupwlwnnigudpubph
unnignudp,  2htwpwpneiniup,  wpwiuwnpunp b wyu: Wunwdbuwguhy,  udwu
hwdwwpgbph Yunwywpnidp (npg fuunhp £ wywjdwuwdnpwd npwug fuhun ng géw)ht,
thnfujwuwwygwsd U thnihnfudnn nhuwdhyuwing:  “Ywnwdwpdwu  gnynigyntu niubignn
dbennubipp, huswhuht b hbwnwnwpd Yuwh géwjuwgnidp, wwhwuonw Gu wdpnnonyht
hwjwmuh U wupunhwwn pwpdwgynn nhuwdhy dnnb), husp dGé hwoywplwihu dwlw) &
wwhwugnwd b dhaw sk, np hpwagnpdtih £ wpwag gnpduwlwu Yhpwnnigyniuutipph hwdwn:
Upluwwwupp  ubpyuywgund £ dnunnwynp hwlwnwpd  nhuwdhuih  gdwjuwgdwu
Yhpwnnuwp 2 wqwwnipjwl wunhbwu (UU) niutignn nnpnin-dwuhwyniywwnpny hwgbigud
pwnwuwwnnunwl nbuwyh wuonwsnt pnsnn uwpph (UEU) nbwpnud, npp twuwnbuyws &
wwppbp  ogunwlwp pbnubp  pnubint U wbnwipntubine hwdwp: Ubp  dnnbignuwdu
oguwagnpdnud £ opjwju nkdhdnud hwoywpyqws, phpujwsd undhtuw| wndbipny dnnbih
gdwjuwgnuip, nhwnwpybny duwgnpnwihtu ny gdwjunyeyniuubpp b wuGonnugniuubpp'
npytiu  uwhdwuwthwy  Ywnnigwdpwiht  wunpnonigyniuttn:  Wu  duwlbpwnuip
wwpgbgunw £ Yunwdwpdwt fuunhpp' htwpwynpnieyniu tniwing  dawlbint nnpwuwn
Ywpgwynphsutip, npnup Gpwotuwynpnid tu Ywyntunipyntu L pwpan
Yuwuwpnnulwungenit' suwywd hwdwluwpgh nhuwdpy dhndinfunyeyniuubpht:  Fwjhu
dnnbwynpnuiubph wpryniupubipp gnyg nydbghu, np wnwewnyynn dbpnnu wwwhnynid §
htunwgdh dogphin hbwnunwd b wprynwwybnnpbu hwoyh £ wnunwd dwuhwniywwnnph
owpddwlu  wgnbignipyniup - hwdwlwpgh  nhuwdhywh  Jpw  Yunnigwdpwht
wunpnanipjw  nwppnd: - Ywplnp  Bgpulwgnieyniuuiphg £ uwb hwdwpluihu
Swupwpbinujwénipjwu qquih Ypbwwnnwip. dninwynp dbennp dhohtup 50 wuqwd wykih
wpwg £, pwu wdpnnowlywu nhuwdhwih wngwug hwodwpyp, hust wuwwgnignid £ npw
Yhpwnbihnuygyniup hpwwt dwdwuwynd Yunwdwpdwu hwdwp:

Unwugpuypti pwnbp. wuonwsnt pngnn uwnp, nnpnn-dwuphwntyjwwnp, dnnwynp
hwywnwné nhuwdhlyw, qdwjuwgnid:

IMMPUBJINXKEHHAS JINHEAPU3AIIUSA OBPATHOM JUHAMUKHU CUCTEMBI
JETAIOHIEI'O MAHUITYJISITOPA
T.A. CumoHsIH

Jletarolyie MaHUIYJIITOPHI IIPUBIIEKAIOT Bce OOnblliee BHUMaHHUE OJaromapsi CBOeH
CHOCOOHOCTH obecrieuynBaTh Kak MOOWIBHOCTH B BO3/AyXe, TaK U (U3NUECKOE B3anMOIeii-
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CTBHE C OKPY’KAfOIINM MHUPOM. OTH Ka4eCTBAa IO3BOJIAIOT UCIIONB30BATh UX [UIS PEIICHUS
3aa4d B TPYIHOAOCTYITHBIX MECTax, B PA3JIMYHBIX 00JACTIX, BKIIIOYAs BOCHHOE IMPUMEHE-
HHE, WHCIEKIHMI0 MHQPACTPYKTYPbI, CTPOUTENBCTBO M TpaHCropT. OJHaKO yIpaBieHHe
9THMH CHUCTEMaMH CBS3aHO C CEPbE3HBIMHM TPYTHOCTSMH H3-3a UX CHJIBHO HEJIWHEWHOM,
B3aUMOCBSI3aHHON M HM3MEHSIOLIEHCS BO BpeMeHHM AWHAMUKH. CyIIecTBYIOIIME METOJBI
YIIPaBJICHUs, TaKUe KaK JIMHEapH3alysi ¢ OOpaTHOW CBsI3bIO, TPEOYIOT XOPOIIO U3BECTHOM U
MIOCTOSIHHO OOHOBJISIEMOM JMHAMHUYECKON MOJENH, KOTopas TpeOdyeT OOJBbIIUX BBIYUCIH-
TENBHBIX 3aTPaT W HE BCETZa BBINOJHNMA JUIsl OBICTPOACHCTBYIOINX PEabHBIX MPHI0XKe-
HUH. B cratee npezcraBieHo HOBOE TPUMEHEHNE IPHOJIMKEHHON TMHEapHU3aIiiyi 0OpaTHON
JVMHAMMKH JJ1s1 OeciiIoTHOTO JerarensHoro anmapara (BITJIA)-kBagpoxonrepa, ocHaIIEH-
HOTO POOOTHU3UPOBAHHOM pyKO# ¢ 2-Ms creneHsMu cBo6oabl (CC), mpeaHa3sHaAuYeHHON ISt
3axBaTa W MaHUITYJHPOBAaHMS Pa3IMYHBIMH IOJE3HBIMHU rpy3amu. Ilpemmaraemslii meton
UCIIONIb3YeT 3apaHee BBIYUCIICHHYIO, (PMKCHPOBAaHHYIO HOMHUHAJIBHYIO MOJIENb /IS JIMHEea-
pH3aliK JUHAMHMKH, paCCMaTpHBasi OCTATOYHbIC HEJTMHEHHOCTH U HETOYHOCTH KaK OrpaHu-
YeHHbIE CTPYKTYpPUPOBaHHBIE HeolpeaeaeHHOCTH. Takas GpopMynupoBKa ynporaer 3aaady
YIIPaBJICHUs], TTO3BOJISIA CO3/1aBaTh poOACTHBIE KOHTPOJUIEPHI, 00ECIIeUYBaIOLINE CTaOMIIb-
HOCTh M TNIPOM3BOAUTENIFHOCTh, HECMOTpPSI Ha AMHAMHYECKHE M3MEHEHHs B cucteme. Pe-
3yJIBTAaThl YHCIIEHHOTO MOJEIMPOBAHMS MOKA3bIBAIOT, YTO NPEJIOKECHHBIN MeTox obecrie-
YMBACT BBICOKYIO TOYHOCTB CJICKEHHMS 32 TpaeKTopuei n 3¢(pexkTHBHO OTpaxkaeT BIHSHHUE
JBIDKCHUS] MAHUIYJIATOPA Ha IUHAMHUKY CHUCTEMBI B CTPYKTYPHPOBAHHOM HEONPEICIICHHO-
CTH. BaXHBIM WTOTOM SIBNIAETCS 3HAYUTENBHOE CHIDKEHHE BBIYHCIUTEIBHONH HArpy3KH:
NpUOIMKEHHBIH METO/ B CpelHEM OKa3bIBaeTcs puMepHo B 50 pa3 ObIcTpee, yeM OHIIaiiH-
pacyer MoJHOM AMHAMUKH, YTO JIOKA3bIBAET €r0 MPUTOIHOCTD JJIs YIPABJICHUS B PEXUME
peanbHOrO BPEMEHH.

Knioueevie cnoga: OecnmiOTHBIN JeTaTeNbHBIN anmapaTt, poOOT-MaHUITYJSITOP,
npuOIKeHHast oOpaTHas AWHAMUKA, JTHHeapu3aIis.
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