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HOMOLOGICAL MAPPING OF THREE-DIMENSIONAL SPACE AND
RELIEF PERSPECTIVE
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The homological features of one particular type of projective mapping of three-
dimensional spaceare considered. It is proved that the double plane of homology is parallel
to the imaginary plane figure in the space. It is shown that by means of homology, the entire
three-dimensional semi-space is mapped on the area bounded by two parallel planes. The
obtained image formed by mapping satisfies the conditions of the relief perspective,
therefore, a homological connection is established between the space and its relief image.
Thus, the relief perspective of the space can be obtained through mapping.

Issues on the synthesis of projective conversions are considered, which allow to reflect
the infinite part of the space on a limited domain.

Thus, the aim of our research is to study the very geometric transformations, which will
allow to project the given space onto its boundary domain. They can serve as a basis for
development of geometrical modeling algorithms of the relief perspective and the automation
of their construction. The present issue is of practical importance as the existence of the
computer model of the relief image will make it possible to automate the process of designing
the relief image containing objects and organize their productionwith the help of digitally
controlled machines (as well as 3D printers).

Keywords: projective mapping, space transformation, improper plane, double elements,
homology, relief perspective.

Introduction. Plane linear perspective is a graphical model built on the plane
by means of space projective mapping through the central projection method.

The geometrical principles of constructing the given model have been known
since ancient times and are now widely used in engineering, especially in the fields
of architecture and design. However, for creative work, it is sometimes necessary to
create not only the plane graphical model of the three-dimensional reality, but also
its relief image, placing it in a limited space."Relief perspective" is considered to be
one of such images that fits in this or that narrow strip of space making the same
impression on the viewer as the original one at the previously selected point.

Unlike plane graphical modeling, the geometrical principles of relief modeling
aren’t completely studied and the necessary theoretical principles for constructing
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such models haven’t been discovered yet by means of which it would be possible to
develop a kind of some computer modeling technology.

The choice of space transformation. In order to solve the given problem it is
necessary to have the transformation of such extended (projective) space in which
every point of space and its image are arranged on the line passing through one fixed
point. That transformation should also be projective, so that the set of the imaginary
(infinitely far) space points can be projected on an ordinary plane.

The transformation satisfying these conditions can be synthesized as follows:

Consider the bunch of lines, having the center §;=S: in space (Fig. 1).
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Fig. 1. The choice of transformation

The set of points belonging to that bunch of lines includes all the points of the
extended space. Perform projective transformation on every line of the bunch by
means of two double points and the boundary point [1,2].

Let's choose the common point of all the lines of the bunch, that is the center of
the bunch S=S,, as a double point. Let the second double points be arranged on the
arbitrarily chosen plane Q;=(.

For example, the intersection point of line g and that plane, that is, M;=M>, will
be the second of the double points on that line of the projective compliance.lt is
obvious that the plane Q,=Q, will be the double transformation plane synthesized in
the space. The set of imaginary points on all the lines of the bunch is arranged on a
single plane - X, which is the imaginary (infinitely far) plane in the extended space.
Let's choose the figure X, on that plane (i.e. the boundary plane) which should
obviously be parallel to the dual plane Q;=€,. Therefore, the intersection point F, of
each line g and the plane X, will be the image of the imaginary point Fi., on that line
(the boundary point).

Thus, a transformation is confirmed in the space, which is the projection of the
entire half-space between the planes Q;=0Q; and X, on the domain bounded by two
planes: Q;=0Q, and X.

85



Now let us show that the transformation synthesized above is projective.

For this, it is enough to prove that the image of an arbitrary line in space is also
a line. Consider a projection where the planes 1=, and X, are depicted in the form
of parallel lines (Fig. 2).

Fig. 2. Line image

Let's draw the image of the arbitrary line g;. That image will pass through the
double point M;=M; and the boundary point F» of that line. Show that the line
2:=M,F> is the image of g;. For this, it is enough to prove that the image A of an
arbitrary point A on the line g; will be arranged on the line g. Consider another line
fi passing through point A;, the image of which will pass through the double point
Ni1=N:and the boundary point of that line E». In order to arrange the image A, on the
line g, it is enough that the lines g;, f> and A;S; intersect in a single point. As it can
be seen, all the corresponding sides of the triangles AjM;N; and S,F,E; are parallel
to each other (their points of intersection line up on one imaginary line). Therefore,
according to Desargue's theorem [3,4], the lines connecting the corresponding
vertices of the triangles A:Si, MyF; and N2E; intersect in the single point (A»).

Since the image of an arbitrary line in space is also a straight line, the
transformation under consideration is one of the wvarieties of projective
transformation, which has one double point and one double plane, and the
corresponding points are arranged on the straight line passing through the double
point. As it is well known, in projective geometry, the transformation satisfying these
conditions is called homology of the extended space [3,5,6].

The relief perspective of space. 1t can be concluded from the above mentioned
that the homological transformation projects the entire semi-space on a narrow strip
bounded by two planes. The image formed by that projection satisfies the conditions
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of the relief prospect, therefore, a homological connection is established between the
space and its relief image.
Making use of the properties of homological correspondence one can construct
the relief perspective of any object given in the complex drawing.
h — h
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Fig. 3. Relief perspective in complex drawing

Figure 3 shows the construction of the relief perspective of a rectangular
parallelogram between the horizontal-projecting planes Q;=Q, and X,. Here, point S
is the center of homology, plane Q= is the double plane, and X, is the boundary
plane.

The relief image of the object can be drawn assuming its plane perspective
as a starting point. Let’s consider as an example the construction of the relief image
of the Aiax setion proposed in the plane perspective (Fig. 4). First, we choose the
boundary plane X,, parallel to the plane K of the drawing, then we draw the
projection (with the center S) of the boundary point Fx on the plane X,. The
intersection points of lines Gy and gx, which are passing through the points Ax and
ax, and points My and mg are connected to the boundary point F,. A, and a,
projections of the points Ax and ax on the lines Gk and gx will determine the relief
image of the section.
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Fig.4. The transformation principle from plane perspective to the relief one

Conclusion. On the basis of the observed transformation, a software
package has been developed to construct computer models of relief perspectives for
the objects in the space in the interactive mode. The recommended software package
has been tested in the graphical modeling system of AutoCAD.
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Nwnuduwuppynd Gu - Gnwswth  wwpwoénipjwu  wpnityunphy  wpnwwwnybpdwu
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wpunwwwwnlbpnwing Yupbih £ unwuw] mwpwéniejwu nbihtdwihu hbnwuywnp:

TYhunwpyynwd Bu mwpwoénygyniuubph wjuwhuh wpnEyunpy duwthnfunieniuutiph
uhupbtiquwu hwnpgbp, npnup peny; GU wwhu wpwsénewlu wiuuwhdwuwtwly Jwup
wpunwwwwnytiptp upw uwhdwuwtwy nhpnyenid:

Nwnwiuwuppybp Gu Gpypwswihwywu wiu dbwihnfunigniuubpp, npnup Enyp Yuwu
wnwpwdnipntut wpnwwwwnybpb npw uwhdwuwhwy wnppnyenid: Hpwip Yupnn Gu hhdp
ownwjbt| nbptdwihu  hbGnwulwpp  GpYypwswihwlwu dnnbwynpdwt  wignphedubiph
dowldwu b npwug Yunnigdwt gnpdpupwgh wywnndwnwgdwu hwdwn: Uu fuunhpu niup
gnpduwlwu Ywplnp vgwuwynyeniu, pwuh np nbiptdwihtu Yepwwph hwdwlwpgswihu
dnnbh wnluwjnieintup enyp Yuw wdunndwnwgubp nbihtdwht ywwnlbp ywpniwwynn
opjlwnubiph bwiuwgddwu gnpdpupwgp U juqdwybpwbp nhwug wpnwnpnipnup pYwhu
Jwnwywpdwdp hwuwnngubiph (huswbu twb bnwswih tnwhsubiph) dhongny:

Unwtgpuypti  pwnbp.  wpntyunphy  wpunwwwnybpnid, nwpwdnipjwu
Guwihnfunigyntu, wuhuywywu hwppeniegntu, Ypyuwyh wwpptp, hndninghw, nbhtdwhu
htinwulwn:
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IF'OMOJIOTHYECKOE OTOBPA’KEHHUE TPEXMEPHOI'O IPOCTPAHCTBA N
PEJIBE®HAS NEPCIIEKTUBA

K.A. Coromonsin, M.3. Ilorocsin, M.I'. BakyHu

PaccMaTpuBaroTCsi OCOOGHHOCTH OJHOTO M3 YaCTHBIX CIy4aeB MPOEKTHBHOIO
O0TOOpaKEHHsT TPEXMEPHOIO MPOCTPAHCTBA — TOMOJIOTHH. JOKa3bIBAETCS, YTO JBONHAS
IUIOCKOCTh TOMOJIOTHH MapajielibHa 00pa3y HEeCOOCTBEHHOW IUIOCKOCTH MPOCTPaHCTBA.
[okazaHo, 4TO OCPENCTBOM T'OMOJIOTHH BCSI TPEXMEPHAs! MOTYIIOCKOCTh OTOOpaXKaeTcs Ha
00J1aCTH, OTPaHMYEHHONW O3THMH JABYMs IUIOCKOCTSAMU. OTHM OTOOpaKEHHEM MOYKHO
MOCTPOUTH PeIbe(hHYIO MEPCIEKTUBY MPOCTPAHCTRA.

PaccMaTpuBarOTCsl BOMPOCHI CHHTE3a MPOCKTHUBHBIX MPEOOPa30BaHUI, KOTOPHIE
MO3BOJISIFOT OTOOPa3UTh OECKOHEUHYIO YacTh MPOCTPAHCTBA HA OTPAaHMYCHHOM 00J1acTH.

Ienpto  paboThl  SIBASIETCS M3y4YEHHE TEOMETPHUECKHX MNpeoOpa3oBaHMi,
MO3BOJISAIOIINX MPEACTABUTh MPOCTPAHCTBO B €r0 OrPAHHYCHHOM JHMana3oHe. OJTH
reoMeTpUYECKHe MPpeoO0pa3oBaHusi MOT'YT CIY)KUTh OCHOBOH Ul pa3pabOTKU aJrOpUTMOB
TEOMETPUYECKOT0 MOJICITMPOBAHUS penbeda B MEPCICKTHBE U aBTOMATH3AIIUU TIPOoIlecca uX
noctpoeHus. JlaHHas mpobieMa WMEET MNPAaKTHYECKOe 3HAYCHHe, TaK KaK HaM4Yue
KOMITBIOTEPHO MOJEIH Pesibe)HOTO U300paKeHHS! TO3BOJIUT ABTOMATU3UPOBATh MPOLIECC
NPOCKTHPOBAHUSI 00BEKTOB, COJEpKANIUX peibeHOe N300paKkeHHe, U OPraHU30BaTh UX
MIPOM3BOJICTBO C MOMOIIIBIO CTAHKOB C IIHU(POBBIM yrpaBiieHueM (a takke 3D-npuHTEpOB).

Knwouesvie cnosa: npoeKkTHBHOE OTOOpaXKeHHUE, MPeoOpa3oBaHUE MPOCTPAHCTBA,
HECOOCTBEHHAs MNIOCKOCTh, ABOMHBIC 3JIEMEHThI, TOMOJIOTHs, pelibe(hHast ePCIIEKTHBA.
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