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AN ELEMENTARY SOLUTION TO APOLLONIUS PROBLEMS AND
THE INTERSECTION OF CONICS WITH A LINE

K.H. Soghomonyan
National Polytechnic University of Armenia

A solution to the problems of Apollonius is proposed based on the concepts of
elementary geometry. It is shown that the proposed solutions also allow addressing another
important construction problem: constructing the intersection points of a line and conics
(ellipse, hyperbola, and parabola). To solve this problem, conics are considered as a set of
points equidistant from two circles.

The presented method emphasizes synthetic geometry tools—namely, compass and
straightedge constructions—and avoids reliance on coordinate geometry or algebraic
computations. The approach offers a clear geometric interpretation of both Apollonius’
problems and line-conic intersection tasks within a unified framework. This not only
provides elegant solutions but also deepens the understanding of geometric relationships
through visual reasoning.

In particular, the method enables the construction of conic sections by redefining
them as loci of points equidistant from two given circles. This geometric redefinition serves
as an alternative to traditional conic definitions involving foci and directrices and enhances
pedagogical accessibility for students and educators.

The dual application of this construction—solving both the classical Apollonius
problems and the intersection of a line with conics—demonstrates the flexibility and power
of elementary geometry. It is especially useful in educational contexts where the
development of spatial reasoning and geometric intuition is prioritized.

Overall, the proposed solution contributes to classical geometry by providing a
visually intuitive, logically consistent, and broadly applicable method for solving a family
of historically significant geometric problems.

Keywords: Apollonius problems, tangency, power of a point with respect to a circle,
center of similarity of circles, homothety, ellipse, hyperbola, parabola, improper point.

Preliminary Provisions and Concepts. The Apollonius problem involves
constructing circles that are tangent to three arbitrarily given circles. In order to
cover all special cases of the problem, we consider the line and the point as circles
with infinitely large and zero radii, respectively [1].
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Introduction. For the elementary solution to this problem, the following
patterns are used [2]:

10 Any line passing through the center of external homothety of two circles
and the non-homothetic points of intersection of these circles have such distances
from that center that their product is a constant.

Fig.1. Preliminary Provisions

In Figure 1, let ¢; and ¢, be two circles, and let S be their external homothety
center. Two arbitrary lines a; and b;, passing through S, intersect these circles at
non-homothetic points Aj, A, and Bj, B; respectively. Let us show that SA;xSA, =
SBixSB; = const. The tangents to the given circles passing through point S have
their tangency points denoted by T, T, and T';, T2, respectively.
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Fig. 2. Preliminary provisions

From the similarity of triangles SA;T; and SA,T,, we obtain: SA;xS; =
=ST;xST,. Similarly, from the similarity of triangles SBiT'; and SB,T'., we
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obtain: SB1xSB,=ST'1xST",. Since ST1xST, = ST'1xST", = const, the first statement
is proven.

The same pattern holds for lines passing through the internal homothety
center of the two circles. This can be proven similarly using the similarity of
triangles SA;T; and SA,T, in Figure 2.

2. All circles passing through non-homothetic points (e.g., Aii, Az or Bii,
B»;) that are collinear with the homothety center S (external or internal) of circles c;
and c; (Fig. 3a,b), and through a fixed point M, all such circles, including the
tangent circles e; and e; to c; and c; at these points, also pass through another point
N belonging to the line MS.

Fig. 3. Preliminary Provisions and Concepts

Indeed, from the 1% pattern, it follows that point S has the same power with
respect to all these circles passing through M. Therefore, the line MS must intersect
these circles at another common point N, so that the relation, MSXNS = SA ixSAji-
= const holds true [3,4].

Variants of Solutions to the Apollonius Problem. The solution to all
variants of the Apollonius problem is based on the following three special cases of
the problem:
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Fig. 4. Two points and a circle

a) Two points and a circle (Fig. 4). Given points M and N (zero-radius
circles) and a circle c. The task is to construct circles passing through M and N and
tangent to c.

Solution: Determine the point G that has the same power with respect to the
sought circles and the given circle ¢. To do this, construct an arbitrary circle m
passing through points M and N, which intersects the circle ¢ at points A and B.
Clearly, G will be the intersection of lines MN and AB. The points of tangency T,
and T of the tangents drawn to the circle ¢ through point G will also be the points
of tangency of the circles x; and x, to the given circle c¢. The centers ox1 and ox of
these circles are located at the intersection points of the perpendicular bisector of
the segment MN and the lines OT; and OT>[5,6].

b) Two points and a line (Fig. 5). Given points M and N and a line a, the
task is to construct circles x; and x» passing through M and N and tangent to line a.
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Fig. 5. Two points and a line

Solution: The intersection point G of lines MN and a will have the same
power with respect to all circles passing through M and N, including the sought
circles tangent to line a.

Construct an arbitrary circle m passing through points M and N. The tangent
drawn from G to this circle m, denoted as GT, will be equal to segments GT; and
GT,, where T, and T, are the tangency points of the sought circles with the line a.
The centers Ox; and Oy of the sought circles are located at the intersections of
the perpendiculars drawn to the line a at points T and T, with the perpendicular
bisector of segment MN.

Fig. 6. Two circles and one point
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¢) Two circles and one point (Fig. 6). The task is to construct circles x
and x, passing through point M and tangent to the given circles ¢; and c».

Solution: Construct a circle passing through point M and the non-homothetic
points Ai, A, of the given circles and determine its intersection point N with the
line MS. Clearly, the circles (xi, X2) passing through points M and N and tangent
to one of the given circles (e.g., ¢;) will also be tangent to the other circle. Thus,
this problem refers to the case described in a).

d) Three circles.

Consider the case of the problem when it is required to construct circles
tangent to three given arbitrary circles.

In the general case, this problem has eight solutions. The principle for
constructing two of these solutions is illustrated in Fig. 7a.

If the radii of the given circles ci, ¢z, ¢3 are reduced by the radius R; of the
smaller circle c3, then we will obtain the point M and the circles gi, g». Construct
the circles e; and e; passing through point M and tangent to circles g, g (solution
described in ¢). By reducing the radius of circle e; by Rs and increasing the radius
of circle e, by the same amount, we obtain the two sought circles x; and x».

Fig. 7. Three circles

The principle for constructing the other two solutions, X1, X2, is shown in Fig.
7b, where the radius of circle cs is reduced to a point M, while the radii of the other
two circles ¢ and c; are increased by R3 [7].

By applying the same principle described above, it is possible to obtain four
additional solutions if, instead of the external homothety center S, the internal
homothety center of the circles is used (see Fig. 3b).
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Intersection Points of Conics and a Line. The Apollonius problem solving
options allow to determine the intersection points of a given conic (parabola,
hyperbola, ellipse) and a line using a compass and a ruler [8,9].

1. Intersection points of a parabola and a line.

A parabola is the set of all points equidistant from a point F (focus) and a
line d (directrix) (see Fig. 8). It is obvious that these are the centers of circles
passing through point F and tangent to line d. The intersection points X;, X; of the
parabola Q and a given line a are two of these centers. The circles passing through
these centers and point F will also pass through point N, which is symmetrical to F
with respect to the line a. Thus, the sought points X; and X, are the centers of
circles passing through points F and N, and tangent to the directrix d. These centers
can be constructed using variant b) of the Apollonius problem (see Fig. 5).

2. Intersection points of a hyperbola and a line.

A hyperbola is the set of all points where the difference of distances to two
given points F; and F, (foci) is a constant (see Fig. 9a). Consider the circle ¢
centered at Fi, the radius of which is equal to that constant. It is evident that the
points of the hyperbola are the centers of circles passing through F, and tangent
to circle c¢. The intersection points X;, X, of the hyperbola Q2 and the given line
a are two of these centers.

Fig. 8. Intersection points of a hyperbola and a line

The circles passing through these centers and point F, will also pass through
point N, which is symmetrical to F with respect to line a. Thus, the sought points
X; and X are the centers of circles passing through points F» and N, and tangent to
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the circle c¢. These centers can be constructed using variant a) of the Apollonius
problem (see Fig. 4).

3. Intersection points of an ellipse and a line.

An ellipse is the set of all points the sum of distances of which from two
given points are F; and F, (foci) is a constant, equal to the ellipse’s major axis
(Fig. 9b).

b)

Fig. 9. Intersection points of a hyperbol and ellipse and a line

Consider the circle ¢ centered at Fi, the radius of which is equal to that
constant. It is evident that the points of the ellipse are the centers of circles passing
through F, and tangent to circle c. The intersection points X;, X» of the ellipse Q
and the line a are two of these centers. The circles passing through these centers
and point F> will also pass through point N, which is symmetrical to F with respect
to line a. Thus, the sought points X; and X, are the centers of circles passing
through points F> and N, and tangent to the circle c. These centers can be
constructed using variant a) of the Apollonius problem, with the difference that
they are tangent to ¢ internally.
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unnLNuL3uL L PLerh SULPULLUL LNRONKRUC B4
unuvhyLerh KUSNRUL NN

U.<. Unnndnujw

Unwowpyynwd £ Uwninupnup tuunppubph  nédnwd, npp hpdudws £ wmwppwywu
Gnypwswihnipjwu  qunwthwpubiph ypw: Snigwnpynd £, np - wnwowpywd ndnudubpp
huwpwynpnipyniu U wwipu ndt] bwb deY wy Yuplnp Yunngdwu fuunhp' ninhn gdh L
YnuhYy hwuwdwdutiph (klhwu, hhwbppn, wwpwpn) hwndwu Yenbph Ywnngndp: luunph
[nddwu  hwdwp Ynuplubpp nhnwpyynd Gu npwbiu Gpyne opowttbiphg  hwjwuwpwhtin
Ytwbph pwqdnieniu:

Ubpnnp  hpduqwd L Yunngnnulwu  Gpypwswinipjwu  uygpniupubph Ypw'
oguwagnpdtiind dhwju Yndwwu U gqéwwuwy, wnwug ybpndwlwu Ywd hwupwhwoywywu
hwoJwplubph: Uu dnunbignudp enyp £ wwihu deYy dhwutwlwu hwdwlywpgnd nidt) el
Uwninupnup nwuwlwu fuunhpp, el ninhn gdh L Ynuplubph hwndwu hwpgp' wwwhnybing
wbunnuwu puywdwdp funp pdpnuntd:

Lwwnwwbu wpdtipwdnp £ wju thwuwp, np YnupYubpp uwhdwuynd Gu npwbu Gpyne
opswuubiphg hwywuwp hGnwynpnigjwdp gunuynn Yhwnbiph pwqdniegyntu, husp hwunbu & quihu
npwbu  wypunpwiupwiht  uwhdwund® Yhquybnh L ninanpnh quuwlwtu  dnntjpu: Uw
htigrnwguntd £ nunigdwt gnpdpupwgp W qupgugunid Gpypwswthwlwt ywnybpwgnidubipp:

Lbpywjwgqws  dbpnnh  YpYuwyh Yhpwnbipnygeniup' ndt]  puswybu  Uwninupnup
fuunhputipp, wjuwbu b ninpnutph W Ynuplubph hwndwu Ybnbpp, Jywind £ vwppwywu
Gpypwswihnipjwu GYniuntejwt nt wpnyniuwybnnyejwu dwuhu:

Cunhwunyp wndwdp, wju dnnbigndp tywunnd £ nwuwlwu  Gpypwswihnigjwt
qupgugdwup' wpwdwnpbind wwpg, wbuwubh b unngnquiwu nuuwly' wwwndwlwu
Upwuwyniejwdp fuunhpubpp (Nddwu hwdwp:

Unwugpuyhti pwnbp. wwyninUwu fuinhpubn, snpwithnid, Yhnh wuwnhbwu opowtiwgsdh
uywwndwdp, 2npowuwagdtiph tdwunyejwu YEunpnu, udwuwagpnie)nwy, fhwu, hhwbppng, wwpw-
pn|, wuhujwlwu Ytiwn:
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3JIEMEHTAPHOE PEIIEHUE 3AJIAY ATIOJIJIOHUS U TIEPECEYEHUE
KOHUK IPSIMOM

K.A. CoromoHsiH

Ilpennaraercst pemienue 3anad  ATNOJUIOHHS, OCHOBAaHHOE HA MOHATHUAX AIIEMEHTAPHOU
reomerpuu. IlokazaHo, 4TO NpPE/UIOKCHHBIE PEIICHUS MO3BOJIIOT TAKXKE PELIMTh JPYTYI0 Ba)KHYIO
3a7ady TOCTPOEHHSA: HAXOXIEHHE TOYEK IIepecedeHHs MpAMOH C KOHHYECKUMH CEUCHUSIMU
(ommncom, rumepOonoif W mapaGosoi). [l pemreHuMss 9TOM 3a7auM  KOHMYECKHE CEUCHUS
paccMaTpUBAIOTCS KAK MHOXKECTBO TOYEK, PABHOYJATIEHHBIX OT JIBYX OKPY>KHOCTEH.

IIpencraBneHHbIii METOX AaKIEHTHPYeT BHUMAaHWE HAa CHHTETHYECKOM TE€OMETpUH —
MOCTPOCHUSIX C ITOMOIIBIO LUPKYJIS ¥ JIMHEHKH, 0e3 NCIIOIb30BaHusI KOOPAUHATHOW F€OMETPHH WIN
anreOpanuecknx BbUUcIeHnd. Takoil moaxon oOecrmedyrWBaeT HArNIAHOE TEOMETPHUYECKOE
IIOHUMAaHUE Kak 3a/1a4 AIOJUIOHUS, TaK U 33ja4 IepecedeHus NIpsMOoi ¢ KOHMYECKUMHU CCUCHUSMU B
eIMHON cucrtemMe. DTO HE TOIBKO MPUBOAUT K 3JIETAHTHBIM PEIICHUSAM, HO M yTIIyOIseT MOHNMaHHe
TEOMETPHIECKHX CBSI3eH 3a CUET BU3yalbHOTO MBIIIIICHHSI.

B wacTHOCTH, METOJ MO3BOJIIET MOCTPOUTH KOHHUUECKUE CEUSHUs], MEPEOINpeieuB UX Kak
reOMETPUYECKOE MECTO TOYCK, PaBHOYNAIEHHBIX OT JBYX 3aJaHHBIX OKpYXHOCTed. Ota
reoMeTpuyecKas MHTEPIpeTalys CIyXHUT albTePHATUBOH TPAIMIIMOHHBIM OMNPEIEICHUSIM KOHHUK
yepe3 POKYCHl U TUPEKTPHUCH U AeTaeT MaTeprai 0oee TOCTYITHBIM Ul O0yIeHHS.

JIBoitHOE pUMEHEHUE MIPEIOKEHHOI0 METoJa — pEIleHUE 3a/1a4 AMOJUIOHHS U IOCTPOCHUE
TOYEK TepecedeHHs NpsMOH C KOHMKAMH — JIEMOHCTPHPYET YHHBEPCATbHOCTh M CHIY
JJIEMEHTapHOI TeoMeTpuu. MeToJ OCOOEHHO MOJIE3eH B OOpa30BaTENBHBIX IEIX, TAE BaXKHBI
MIPOCTPAHCTBEHHOE MBIIIJIEHHE H T€OMETPUUECKAst HHTYHUIIHS.

B nenom, npemnoxxeHHoe pelieHHE BHOCUT BKJIAJ B KIACCUYECKYIO M€OMETPHUIO, Ipeasaras
HATJSIIHBIN, JOTUYECKH CTPOMHBIH M YHHMBEPCAIBHBI CHOCOO pEIIeHHS HCTOPHMYECKH 3HAUYMMBIX
3a7ad.

Kniouesvie cnoga: 3ajaun  ATOIIOHHWS, KacaHHE, CTENEHb TOYKH OTHOCHTEIBHO
OKPY>KHOCTH, UEHTp TMOJOOHS OKpPYKHOCTEH, TOMOTETHs, OJJUIMIC, THIepoona, mapabona,
HecoOCTBEHHAsI TOUKA.
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